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We investigate the quantum squeezing of matter-wave solitons in atomic Bose—Einstein condensates. By

calculating quantum fluctuations of the solitons via solving the Bogoliubov—de Gennes equations, we show that
significant quantum squeezing can be realized for both bright and dark solitons. We also show that the squeezing
efficiency of the solitons can be enhanced and manipulated by atom—atom interaction and soliton blackness. The

results reported here are beneficial not only for understanding quantum property of matter-wave solitons, but

also for promising applications of Bose-condensed quantum gases.
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Solitons, fascinating nonlinear wave packets, can form
in extended media through the balance between non-
linearity and dispersion (and/or diffraction).!) Among
solitons found in various physical systems, matter-wave
solitons have attracted tremendous attention and stud-
ied extensively since the remarkable experimental realiza-
tion of Bose—Einstein condensates (BECs) of cold atomic
gases. [2-23]

Most researches on matter-wave solitons carried out
up to date>?*! are based on c-number Gross—Pitaevskii
(GP) equation, which is obtained by using the mean-
field approximation (MFA).!**l With such an approach,
effects of quantum fluctuations around solitons are dis-
regarded. However, in many cases quantum fluctuations
can induce significant quantum diffusion of matter-wave
solitons, (25-28] and hence the MFA is invalid.

In this Letter, we develop a quantum theory of matter-
wave solitons in a quasi one-dimensional (1D) BEC beyond
the MFA. In our scheme, the quantum fluctuations around
the solitons display significant effects and hence cannot be
neglected. Based on such a scheme, we consider the possi-
bility of quantum squeezing of bight and dark solitons.
By analytically calculating quantum fluctuations of the
solitons via exactly solving the non-Hermitian eigenvalue
problem of the Bogoliubov—de Gennes (BdG) equations de-
scribing the quantum fluctuations, we find that significant
quantum squeezing for both the bright and dark solitons
can occur in the system.

Moreover, we demonstrate that for the bright soliton
(which can be obtained in the BEC with attractive atom—
atom interaction) the squeezing efficiency can be enhanced
by the atom—atom interaction, while for the dark soliton
(which can be obtained in the BEC with repulsive atom-—
atom interaction) the squeezing efficiency can not only be
enhanced by the atom—atom interaction but also be con-
trolled by the soliton blackness. The results given here are
useful not only for a deep understanding of the quantum
property of matter-wave solitons, but also for practical ap-
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plications of BECs with significant quantum fluctuations.

Model. We start to consider a cigar-shaped ultracold
quantum gas with a local (two-body) atom-atom inter-
action, trapped by an external simple harmonic oscillator
potential Vex(r) = (m/2)[w3 (22 + ¢*) + w22?], with m
the atomic mass, w; (w.) the transverse (axial) trapping
frequency (w1 > w.). The Hamiltonian of the system
reads

H= /M/T(T,t) [ - %W + Vext(r)}@(nt)

—|—%/druﬁlf(r,t)flf(r,t)f/(w,t)f/('r,t),

where dr = dxdydz, ¥ is atomic annihilation opera-
tor obeying the commutation relation [¥(r,t), ¥ (v’ t)] =
§(r — '), parameter G = 4mh%as/m characterizes the

strength of the atom—atom interaction, with as being the
s-wave scattering length. (24 The symbol of as can be ad-
justed by using the technique of Feshbach resonance. [24]

Based on the above Hamiltonian, one can obtain the
Heisenberg equation of motion as follows:

ih%fl(r,t) = [— ;—mv2 + Vext("“)] W (r,t)
+ GU (r, ) (r, ) (r, t). (1)

Since the trapping of the gas in the axial direction is much
smaller than that in the transverse directions, one can take

U(r,t) = w(z,y)p(z,t), where w(z,y) satisfies

hz 82 82 m o 2 2
~ om (@ + Tyg)w(%y) + EWJ_(‘I: +yHw(z,y)
= vw(z,y),

i.e., the eigen equation of 2D harmonic oscillator. The
normalized ground-state solution to this eigen quuation
is given by wo(z,y) = [mwj_/(ﬂh)]lme_m“’ﬂxz’W )/ (2R
with the eigenvalue v = hw,. If the energy of the
atom—atom interaction is much smaller than the atomic
kinetic energy in the transverse directions, one can take
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w(z,y) = wo(z,y). Multiplying wo(z,y) on the left side
of Eq.(1) and then carrying out the integration on the
variables z and y, Eq. (1) becomes

D(z, 1) (— ;—m% 4+ 2,2 +huu)1ﬁ(z,t)
+91D¢T(z,t)¢(z (2, 1), (2)

with gip = 2ashw, . In this way, the system is effectively
reduced to a quasi-1D one. *]

For convenience of later calculations, it is better con-
vert Eq.(2) to a dimensionless form. This can be real-
ized by taking the transformation ¢ = /Npoe 7 $(¢,7),
¢ = z/li, 7 = wit, and 2 = w,/wi, with N be-
ing the total atomic number, po the 1D atomic density,
and I, = y/h/(mw.) the transverse harmonic-oscillator

length. Then Eq. (2) becomes
19> @

.06 o
igr =" gpat 3¢ nt1]dtedlés
Here ¢ = 2Naspo and p = p'/(hwi); u =

[ dr(We|pt)|We) is chemical potential, with [W¥g) repre-
senting the initial state of the system. Notice that quasi
1D BECs have been widely used to study the dynam-
ics of matter-wave solitons. ? 19197221 For example, in the
eXperimentm] a cigar-shaped ¥"Rb BEC was used, with
(wi,wz) = 27w x (133,5.9) Hz. Since w. < w,, one has
2 < 1, and the trapping potential Uext (¢) = (92/2)§ for
finite ¢ is practically a high-order small quantlty I For
simplicity, we shall take {2 = 0 in the following discussion.

As a result, we obtain the dimensionless quantum non-
linear Schrodinger (QNLS) equation

z%q%(g,f) + (2 ;CQ + - 1)q5(C7T)
— 98" (¢, 7, T)B(¢,T) = 0. (3)

The effective Hamiltonian for the system described by the
QNLS Eq. (3) is given by
N ~ 10 g i 2\ 2
e = [ 6 (= 550 —nt+1+96'6) 4
w= [ 0o (= —n+1+599)5 @
with the commutation relation [¢(¢,7), ¢T(¢',7)] = 6(¢ —
¢).

BdG Equations for Quantum Fluctuations. We are
interested in the quantum fluctuations around a soliton-
like BEC in the system. To this end, we assume that
the atomic number in the condensate is large, so that
the quantum fluctuations, though they can display signifi-
cant effect, are still weaker compared with the condensate.

Thereby one can make the Bogoliubov decomposition "]

é(@ T) = ¢O(Cv T) + 6&(47 T)7 (‘5)

where ¢o is wavefunction (complex c-number) describing
the condensate, (5(& is an operator representing the quan-
tum fluctuations around the condensate background. *4

Substituting the Bogoliubov decomposition (5) into
the QNLS Eq. (3) and keeping only linear terms of 5,
we obtain the following equations:

2
z'(%%Jr (%ai@Jrufl)% —gldol’do =0,  (6a)
—&(C, 1)+ TP, 7) = 0. (6b)

Here &((,7) = (6¢,0¢")T (the superscript T means
transpose), and T is a matrix operator, defined by

. A B
TZ(—B —A)’ @)

with A = (1/2)9%/9¢? — 2g|¢o|> + 1 — 1 and B = g|¢o|>.

To understand the property of the quantum fluctua-
tions from the condensate described by ¢o, we must first
find ¢o (e.g., soliton solution) via solving the GP Eq. (6a),
and then seek the eigenmodes of the matrix operator T
through solving the operator Eq.(6b). In order to be
able to express (expand) all possible quantum ﬂuctuatlons7
these eigenmodes must be complete. Note that operator T
is not Hermitian, but pseudo-Hermitian, i.e. TT = 037—037
with o3 = (1

0 -1
tremendous efforts have been paid to the research of non-
Hermitian physics, and it has been proved that a pseudo-
Hermitian operator can possess all-real spectrum. [31,32]
Thus, if one can find all the eigenmodes of T (and 7—T),
the set of complete and bi-orthonormal eigenmodes can be
constructed, by which the effective Hamiltonian (4) can be
diagonalized.

For this aim, we adopt the method developed recently
in Refs. [33-37] to acquire the complete and bi-orthogonal
eigenmodes of the BdG Eq. (6b) through making the Bo-
goliubov transformation

3$(C,m) = D [un(Q)an(r) + vi(C)ak (7)]

n

) (Pauli matrix). In recent years,

+ / dk [ur(Q)an(r) + vi (Qal(r)].  (8)

Here the indices n and k are quantum numbers charac-
terizing respectively the discrete and continuous modes;
Gn(7) and ax(7) are respectively atomic annihilation oper-
ators for the discrete and continuous modes, satisfying re-
spectively the commutation relations [ar, (1), &%, (7)] = dmn
and [ar(r), al, ()] = 3(k — K'); un(C), va(C), ue(C), and
vk(¢) are eigenmode functions for the discrete and contin-
uous spectra, respectively. Taking 4%((, T) = Qﬁ(g)exp(i)n')
and substituting it into Eq. (6b), we obtain the eigenvalue
equations (i.e., BAG equations)

Td(C) = Ad(Q). (9)

Next, we shall consider two particular cases in which ¢g
takes forms of bright and dark solitons, respectively.
Quantum Fluctuations of Bright Solitons. For the case
of attractive atom-atom interaction (i.e., g < 0%7), the
GP Eq. (6a) admits bright soliton solution
5 = nov/gsech(Z) e i[vo(¢—Co)— vof/2+001 (10)
Here Z = 10g(¢ — vot — Co), ot = —ngg>/2 + 1, BS means
“bright soliton”; no, 6o, vo, and (o are free real param-
eters, related to the soliton amplitude, initial phase, ve-
locity, and initial position, respectively. Substituting the
solution (10) into the expression of 7~ and solving the BAG
Eq. (9), we can obtain all the eigenmodes of 7", including
the continuum modes (with eigenvalues \y = —k? — 1)
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and discrete modes (with two degenerate eigenvalues A1 =
A2 = 0, called zero modes). In addition, using the relation
71 = 63T o3, we can also acquire all the eigenmodes of 7.
It can be shown that these eigenmodes constitute a com-
plete set, and they are bi-orthogonal in the dual spaces of
7 and 7. For detailed expressions and their completeness
and bi-orthogonality of these eigenmodes, see Refs. [35,37].

Based on the above results and the Bogoliubov trans-
formation (8), the effective Hamiltonian (4) can be diago-
nalized into the form

aes _ 2mog | mig®
Heff - 3 + — 2 |: Ql
+oo
+ / ki) (T)ak(f)] (11)

Here Qn = (an + al,)/V2 and P, = (an — al)/(V/2i)
are respectively the position and momentum operators re-
lated to the zero modes, satisfying commutation relations
[Qn, Pyr] = 0y (n,n/ =1, 2).

Based on the diagonalized Hamiltonian Eq.(11) and
the Heisenberg equations of motion for Qn, n, and ag,

we obtain the following solutions:

Q2(7) = Ajg*TP2(0) + Q2(0),
k(1) = a (0)e™MBINT/2,
where Q;(0), P;(0), and a(0) are values of Q;(7), Pj(7),
and ax(7) at T = 0, respectively. From this result we can
see that the quantum fluctuations of the bright soliton
are contributed mainly by two zero modes, which induce
quantum phase diffusion and atomic number fluctuations
as well as position and momentum fluctuations.

Quantum Fluctuations of Dark Solitons. For the case

of repulsive atom-atom interaction (i.e., g > 0[2’4]), the
GP Eq. (6a) admits dark soliton solution
$0° (¢, 7) = no/g(cos Itanhs + isin¥)e’®. (13)

Here ¢ = nogcos (¢ — Co — nogrsin®d), p = nag? + 1, DS
means “dark soliton”; no and 6y are constants character-
izing the amplitude and the overall phase of the soliton; ¥
(0 < ¥ < 7/2) is a constant characterizing the blackness
of the dark soliton, defined by n%gcos® ¥ (i.e., the differ-
ence between the minimum of the soliton intensity and the
background intensity 7%g); ngsin® and (o are the veloc-
ity and initial position of the soliton, respectively. When
¥ = 0, Eq. (13) reduces to a black soliton.

Similar to bright soliton, we can obtain all the eigen-
modes of the matrix operator 7 by solving the BAG
Eq. (9), including continuum modes with eigenvalues \;, =
|k|[-2tan ¥ + 1/k2 + 4(1 + tan® )] and unique zero mode
with eigenvalue A\; = 0. For detailed expressions of these

eigenmodes and their completeness and bi-orthogonality,
see Ref. [36]. With these results the Hamiltonian (4) can
be diagonalized as

2 2
HYF = —17029 cos? 19[1312 +/

—o0

+oo
dka], (T)ak(T)] . (14)

Based on this diagonalized Hamiltonian, by using
Heisenberg equations we can obtain the solution

ﬁ)l(T) :I:’I(O), (15&)
Ql(r) = nag®T cos” 191—:’1(0) + Ql(O), (15b)
Gk (7) = @ (0)e 09" kT /2 cos 0, (15¢)

This result shows that the quantum fluctuations of the
dark soliton originate mainly from the zero mode, which
generates the diffusion of the position and momentum of
the dark soliton. It should be pointed out that no fluc-
tuations of phase and atom-number occur here. This is
due to the reason that, in the present approach, the dark
soliton has a non-zero boundary at infinity, which means
that the system contains infinite-many atoms. Practically
the BEC has a finite size, and the dark soliton is excited
on a finite background. In such a case, it is possible to
obtain the second zero mode of quantum fluctuations, and
hence a phase diffusion of the dark soliton may occur, an
interesting topic deserving to be explored further.
Quantum Squeezing of Bright and Dark Solitons. In
recent years, quantum squeezing has attracted much at-
tention and found a wealth of important applications, es-
pecially in quantum precision measurements. 5% Based
on the results given above, we can explore the possibility
of quantum squeezing of the matter-wave solitons. Be-
cause the quantum fluctuations from continuous spectra
are much smaller than those from the zero modes, 4] ip
the following calculation we shall neglect the contribution
from the continuous spectra.
To investigate the quantum squeezing, we introduce
quadrature operators related to a, at the angle ©, [42]
Xno(r) = Jslin(r) e
= Qn(7)cos O + P, (1) sin O, (16)

+al () eie}

satisfying the commutation relation [)A(n,@7)?n/7@+%} =
90y, Where O is the detection angle. The quantum fluc-
tuations can be expressed by X, ,e(7) in the form

53¢ =" {Un(g) [c0s©Xn,0(r) = sinO%.015(7)]

n

+1Va(0) [sin OX,.6(7) 4 cos QXn,@+% (T)] }, (17)

where Uy () = [ (€) + v (C))/v/2 and Va(¢) = [un () —
vn(¢)]/v/2. In order to make difference between the cases
of the bright and dark solitons, we write the above formula
as the form of X2 o(7) = %[df{(r} e @ 4+ (a2)t (1) @] =
Q% (1) cos © + P (1)sinO, with a = BS (a = DS) for
bright (dark) soliton. The quantum squeezing of the soli-
tons can be characterized by using quadrature variance
(( ,‘L’@) ) = (e|(X56)’|We) (ie., the average under the
initial state [?¢), which contains the soliton with no quan-
tum fluctuation B°-37).

Figure 1 shows the result of {( A3,@)2> as functions of
7 and ©/(27), by taking no = g = 1 and ¥ = 7/4. Plots in
Figs. 1(a) and 1(b) are the quadrature variances ((X5)?)
and ((Xff;)z) of the bright soliton, while Fig.1(c) is the
quadrature variance <(X?§)2) of the dark soliton. We can
see that three quadrature variances are sensitive to the
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selection of @. When 7 = 0, all the variances take the
vacuum value 1/2. However, when © and 7 locate in the
blue domains, the quadrature variances are much smaller
than their vacuum values, which means that the matter-
wave solitons can be significantly squeezed by the quantum
fluctuations contributed by the zero modes. These solitons
can also be made to be anti-squeezed, indicated by the do-
mains with red color.

(a) ((XT5)2)

——
L .
o.g -y 0
0 0.5 o~ W12
0.5 1 @*
. 1 o\
(b) ((X55)%)
—_—
1 0.7
0.5 -y
0 0.5
0 <)
0.5 1 @\@
(c) (XT9)?) 0.2

Fig. 1. Quantum squeezing of matter-wave solitons.
[(a), (b)] Quadrature variances ((XB%)2), ((X5$)2) of the
bright soliton as functions of 7 and @’/(27r)7 for ,110 =g=1
and ¥ = m/4. (c) Quadrature variance ((XP3)2) of the
dark soliton, also for np = g =1 and ¥ = 7r/4.’

The degree of the quantum squeezing can be character-
ized by the squeezing ratio, i.e., the ratio of the quadrature
variance between the value at time 7 and that at 7 = 0, [*"]

o ()2
e = (5o P), "
((X7e(0)]?)

By minimizing the quadrature variance (( A,‘i@)2> with re-
spect to ©, we can obtain the optimum squeezing by select-
ing @ = BOgpt. Then one can take the optimum detection
angle Op¢ to acquire the minimum and maximum values
of the quadrature for angle © = Ogps and © = Ogp +7/2,
respectively.

Shown in Fig.2(a) are minimum squeezing ratios
(R)min (v = BS, DS are for the bright, dark solitons,
respectively) as functions of 7 for np = g = 1. In the
figure, the dashed blue line is for the bright soliton; the
lines with red squares, yellow crosses, and purple dots are
for the dark soliton with blackness parameter ¥ = 0, 7/6,
and /3, respectively. We see that for both the bright and
dark solitons (Rj5)min increases as 7 increases. Plotted in
Fig. 2(b) is the minimum squeezing ratio (RT®)min of the
bright soliton with 779 = 1, as a function of 7 for g = 0.8,
1, and 1.2, respectively. One can see that the value of the
squeezing ratio has a strong dependence on the strength
of atom—atom interaction (characterized by the parameter
g); the larger the atom—atom interaction, the stronger the
quantum squeezing.

(a) OFTw—g.
- 4 ] -.--'.'--.-
\‘ -.‘--..__.
—1r ~ ".--1
‘\
o \l\
Z -2 R
2 “m
%8 -3} 2 N
70 - -
u DS, ¥9=0 S .
—4r DS, 9 =7/6 RN
---@---DS,9=n/3
75 1
0;0
(b) ¥ .
il ¢ x
¢ N % "
g -2 ¢ * %
= x 3
2 -3 ¢ 3
g ¢
Eoal gm0 * .
¢ 9=1
=57 g=12
76 1
0 0.5 1
T

Fig. 2. Squeezing ratio for soliton squeezing. (a) Mini-
mum squeezing ratio (RS )min (o = BS,DS) as a function
of 7 for np = g = 1. BS means the result for the bright soli-
ton; DS means the result for dark soliton, with blackness
parameter ¢ = 0, /6, and 7/3, respectively. (b) Mini-
mum squeezing ratio (RPS)min of the bright soliton with
no = 1, as a function of 7 for ¢ = 0.8, 1, and 1.2, respec-
tively.

In summary, we have studied the quantum squeezing
of matter-wave solitons in atomic BECs with both the at-
tractive and repulsive interactions. Through the calcula-
tion of the quantum fluctuations of the solitons by solving
the related BdG equations, we have shown that significant
quantum squeezing can reach both bright and dark soli-
tons. We have also shown that the squeezing efficiency
of the solitons can be enhanced and adjusted by atom—
atom interactions and soliton blackness. The theoretical
approach developed here can be extended to the BEC with
multiple spin components; the results obtained are helpful
not only for a deep understanding on the quantum prop-
erty of matter-wave solitons, but also for promising appli-
cations for quantum precision measurements.

This work was supported by the
National Natural Science Foundation of China (Grant
No. 11975098).
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