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Abstract—We propose a physical setting for a PT -symmetric
waveguide with spatially varying parameters and mode structure.
The system consists of a mixture of isotopes of Rubidium Λ-atoms
loaded in a cell with Bragg cladding and exposed to laser fields
ensuring Raman excitations, controlling the real and imaginary
parts of the refractive index of the system. It is shown that the
system parameters can be designed to support different numbers
of propagating modes in different parts of the waveguide as well as
to create localized defects. We study the wave transition between
different waveguide configurations. We address two types of defects
in more details: 1) tunable defects, which are related to the variation
of the refractive index inside the waveguide, and 2) fixed defects
created by changes of a Bragg cladding. We demonstrate that the
change of the waveguide toward the increase of the number of
guided modes can support and even enhance the light propagation.
However, if a transition, or a defect, results in a reduction of the
number of guiding modes, strong attenuation of guided beams can
be observed. As a result, the proposed waveguides may support
unidirectional propagation of light and operate as switches and
amplifiers.

Index Terms—Defects, optical waveguides, parity-time symme-
try, unidirectional light propagation.

I. INTRODUCTION

COHERENT atomic gases are promising candidates for
achieving many important optical functionalities not avail-

able in naturally occurring systems. Properties of dispersion
and absorption of a coherent atomic gas can be modified and ac-
tively manipulated by using pump and control laser fields, which
have been used to realize slow lights [1], enhanced parametric
processes [2], light memory [3], [4], and to obtain large opti-
cal refractive indices without absorption [5]–[7], etc. Recently,
it has been shown that parity-time (PT )-symmetric refractive
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index can be realized in coherent atomic systems with three-
level or four-level configurations [8]–[12].
PT symmetry implies that the real part of the refractive in-

dex n(x), i.e., Re[n(x)], which represents phase shift, must
be even, while the imaginary part of the refractive index, i.e.,
Im[n(x)], which represents loss or gain, must be odd. The con-
straint, n(x) = n∗(−x), guarantees stable propagation of linear
modes in a medium with gain and dissipation [13], provided
that the PT symmetry is unbroken, i.e., the spectrum of un-
derlying linear eigenvalue problem is all-real (if the spectrum
contains complex eigenvalues, then PT symmetry is said to
be broken [14], [15]). PT -symmetric systems based on atomic
gases interacting with laser fields possess great advantages since
they may have authentic PT -symmetric refractive indexes, i.e.,
balanced gain and loss in the whole space, and can be easily con-
trolled in situ with high precision through an active adjustment
of system parameters. We also note that the idea of using ac-
tive two-level atoms, described by the Lorentz model [16], was
exploited in [17] for modeling the pulse propagation through
a PT -symmetric layer. Actively doped materials were used in
experiments where various aspects of the PT -symmetry break-
ing [18]–[20] were studied.

Spontaneous PT -symmetry breaking appears to be an ef-
ficient mechanism for unidirectional, reflectionless (invisible)
propagation of light [21]–[23], where the reflection from one
side of a device is significantly suppressed compared to propa-
gation in the opposite side, as well as the non-reciprocity, when
nonlinearities are involved [19], [20]. Although PT -symmetry
breaking is an essential ingredient for modeling and exper-
imental observation, unidirectional light propagation can be
also implemented in purely conservative media, say, by us-
ing anisotropic band-gap structures [24], [25], nonlinear χ(2)

media in photonic crystals [26], or properly engineered asym-
metric shapes of nonlinear materials [27]. An optical diode
based on a moving photonic crystal was recently created ex-
perimentally in a medium with three-level atoms via electro-
magnetically induced transparency [28]. Apart from different
frequency domains, the main physical distinction between the
PT -symmetry-based schemes and the conservative schemes
resides in the possibility of flexible control offered by gain-and-
loss mechanism in the former ones, and the absence of gain or
attenuation in the latter ones.

In this article, we propose a new physical scheme to pro-
duce a PT -symmetric optical waveguide for realizing a uni-
directional propagation of light. Our system consists of a
mixture of two isotopes of Rubidium (Rb) atomic gas with
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Λ-type three-level configuration, loaded in a cell with Bragg
cladding and exposed to (probe, pump, control, and Stark) laser
fields with Raman excitations. We show that the real and imagi-
nary parts of the refractive index n(x) can be easily manipulated
and a PT -symmetric n(x) can be realized. We demonstrate
that through modulating system parameters suchPT -symmetric
waveguide allows transitions between waveguide configurations
and hence supports different numbers of guiding modes. From
the perspective of manipulating the system properties, we con-
sider two types of transitions, which includes a tunable one
related to the local change of refractive index inside the wave-
guide, and a fixed one created by the change of the property of
the Bragg cladding. Such transitions can be implemented in a
finite region of propagation distance through introduction of
suitable defects. We find that the change of the waveguide to-
wards an increase of the number of guiding modes can support
and even enhance light propagation. However, if a transition or
a defect results in a reduction of the number of guiding modes,
a strong attenuation of guided beams may be observed. As a
result, the PT -symmetric optical waveguide with these defects
can be used to design optical diodes, switches, and amplifiers.

The article is arranged as follows. Section II describes the
realization of the PT -symmetric refractive index by using a
coherent atomic gas. Section III studies the tunable and fixed
transitions and defects in the waveguide with PT symmetry.
Sections IV explores passages between one- and two-mode
waveguides and the possibility of realizing optical diode-like
devices. Sections V, VI, and VII discuss the scattering by de-
fects of different kinds which create localized modifications of
the mode structure of the waveguide, respectively. The last sec-
tion (i.e., Section VIII) summarizes the main results obtained
in this work.

II. PT SYMMETRY BASED ON AN COHERENT ATOMIC GAS

We start with a practical physical system reported in [8],
which contains two species of atoms, i.e., isotopes of 87Rb
(species 1) and 85Rb (species 2). Each species of atoms has
a Λ-type level configuration and is embedded into a one-
dimensional (1-D) photonic crystal waveguide (see Fig. 1). A
weak probe field Ep (strong control field Ec ), propagating along
the z-direction with wavenumber kp (kc ) and angular frequency
ωp (ωc ), drives the ground state |g, s〉 (|a, s〉) to the excited
level |e, s〉 (s = 1, 2 indicates the species of the atoms). For
the mixture of Rb isotopes we assign |g, s〉 = |5S1/2 , F = 1〉,
|a, s〉 = |5S1/2 , F = 2〉, and |e, s〉 = |5P1/2 , F = 0〉. The half
Rabi frequency of the probe field (control field) is defined as
Ωp = |ep · peg |Ep/(2�) (Ωc = |ec · pea |Ec/(2�)), where peg
(pea) is electric dipole matrix elements associated with the tran-
sition |e, s〉 ↔ |g, s〉 (|e, s〉 ↔ |a, s〉) and is assumed to be ap-
proximately equal for both isotopes. For the selected levels of Rb
atoms, peg ≈ pea = 10−27 · 2.54 C · cm [29]. ep and Ep (ec and
Ec ) are, respectively, the polarization unit vector and envelope
of the probe field (control field).

The probe-field susceptibility outside the atomic cell can be
found as the effective refractive index of the Bragg cladding
χclad . Inside the atomic cell, it is defined by χp = p2

eg(N1ρ
1
eg +

Fig. 1. (a) Possible 3-D arrangement for the suggested system. The probe
field Ep , polarized in y-direction, and the control field Ec propagate along
the z axis. The Stark field Es propagates along the x axis. The gray slabs denote
the photonic crystal (Bragg mirrors). The black points indicate the volume filled
in by the atomic gas. SLM1 and SLM2 denote the spatial light modulators for
the Stark field and the control field, necessary for creating desirable spatial
profile of the field. (b) Energy-level diagram and Raman resonance scheme of
the mixture of two three-level Λ systems. Δs (s = 1, 2) are the one-photon
detunings, while δ1 is the two-photon detuning. The gray stripe denotes the
photonic crystal.

N2ρ
2
eg)/(ε0�Ωp), where Ns is the density of the sth isotope.

The atomic coherence ρs
eg of the sth isotope can be computed

from the Bloch equations [30] and in our case it leads to the
susceptibility of the form [8]:

χp =
p2

eg

ε0�
(N1D1 + N2D2) (1)

with D1 = δ1/[δ1(δ1 + Δ1 − iΓ) − |Ωc |2 ] and D2 = 1/(Δ2 +
iΓ). Here Δs = ωs

e − ωs
a − ωc and δs = ωs

a − ωs
g − (ωp − ωc)

are, respectively, one- and two-photon detunings, with ωs
a

(ωs
g ) denoting the eigenfrequency of level |a, s〉 (|g, s〉) and

δ2 ≈ 0. In addition, Γ = Γeg ≈ Γea with Γeg (Γea) denoting the
spontaneous-emission decay rate from |e, s〉 to |g, s〉 (from |e, s〉
to |a, s〉). The spontaneous-emission decay rate from |a, s〉 to
|g, s〉 is much smaller than Γ and hence can be neglected, i.e.,
Γag ≈ 0. For cold and dilute Rb atoms Γ ≈ π × 5.75 MHz, and
the dephasing process can also be neglected [29].

The spatial distribution of the PT -symmetric probe-field
susceptibility (and thus of the refractive index n ≈

√
1 + χp ,

χp(x) = χ∗
p(−x) [n(x) = n∗(−x)], can be obtained by apply-
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ing an additional far-detuned laser field, i.e., the Stark field (see
e.g. [30])), ES(x) cos(ωS t), which induces energy shifts of lev-
els |j, s〉, ΔEj,S (x) = −αjE

2
S (x)/4 with αj being the scalar

polarizability. In addition, the control field is assumed to be
x-dependent, i.e., Ωc = Ωc(x). For the selected levels of Rb
atoms, αe − αg ≈ 2π� · 0.1223 Hz(cm/V)2 and αg ≈ αa [29].
Thus Δs(x) = Δs − (αe − αg )E2

S (x)/(4�), whereas δ1 is not
x-dependent. Note that the characteristic scale of the Δs(x)
modulation is comparable to the Stark-field wavelength λS .

The evolution of the probe-field Rabi frequency Ωp under
paraxial approximation [30] is given by

i
∂Ωp

∂ζ
+

∂2Ωp

∂ξ2 +
k2

p

2k2
S

χp(ξ)Ωp = 0, (2)

with ζ = (k2
S /kp)z and ξ =

√
2kS x (kS = 2π/λS ). The second

term on the left hand side of Eq. (2) describes the diffraction of
the probe beam in the x direction.

We are interested in the PT -symmetric profile of the first-
order probe-field susceptibility with a parabolic real and linear
imaginary parts in the atomic cell, i.e.,

χp(ξ) ≈
{

χ̃0 + iχ̃1ξ + χ̃2ξ
2 , |ξ| ≤ 1,

χclad , |ξ| > 1.
(3)

Using the transformation Ωp = Ω0qe
i[k 2

p χ̃0 /(2k 2
S )]ζ (Ω0 is the

typical Rabi frequency of the probe field) and expression (1),
we obtain the dimensionless equation

i
∂q

∂ζ
+

∂2q

∂ξ2 + (iV1ξ + V2ξ
2)q = 0, |ξ| ≤ 1, (4)

i
∂q

∂ζ
+

∂2q

∂ξ2 + V0q = 0, |ξ| > 1, (5)

with V1,2 = k 2
p

2k 2
S
χ̃1,2 and V0 = k 2

p

2k 2
S
(χclad − χ̃0).

In what follows, we focus on a set of realistic parameters:
Δ1 = 8Γ, Δ2 = 8.72Γ, δ1 = 1.81Γ, and λS = 10 μm (the
waveguide width is considered to be of order of a few λS ). The
electric dipole matrix element is peg = 2.5377 × 10−27 C · cm
[29]. The atomic densities of the first and second isotopes are
N1 ≈ 2.62 × 1013 cm−3 and N2 ≈ 5.65 × 1013 cm−3 , respec-
tively. With the above parameters, we obtain that χ̃0 ≈ 0.46.
In addition, we choose the effective susceptibility for the Bragg
cladding χclad ≈ 0.45. Thus, we are dealing with the weak guid-
ance because |χ̃0 − χclad | ∼ 10−2χclad .

Using the method described in Ref. [8], the model (4) can be
realized by using the control and Stark fields shaped as

Ωc(ξ)/Γ = 2.553 − 0.276V1ξ + 0.017V2ξ
2 , (6)

ES (ξ)/E0 = 0.970 + 0.185V1ξ − 0.074V2ξ
2 , (7)

with E0 = 104 V · cm−1 . Being focused onto a spot with a
radius ∼ 10λS≈ 0.1 mm, the Stark field requires laser power
≈ 12.5 W (notice that this power is one-order smaller than the
one required in Ref. [8], and can be achieved by using, say,
quantum cascade lasers operating in mid-infrared wavelength
range [31]). The spatial modulations of the control and Stark
fields (6) and (7) can be created by using high-resolution spatial

Fig. 2. Schematic of two types of transitions and examples for the modi-
fications of wave guidance. (a) A tunable transition created by applying two
different Stark fields (illustrated by different arrows) to the different domains of
the cell implements a switching from the two-mode to the one-mode regime (or
vice versa). (b) A pair of fixed transitions, created by changing locally the effec-
tive refractive index of the cladding by filling with dielectric having a desired
refractive index (shown by blue stripes), implements a fixed defect correspond-
ing to a localized three-mode segment embedded into a two-mode waveguide.
In both panels, vertical dashed lines show the location of the transitions [in the
text, the corresponding positions are denoted by ζ0 in Eq. (13) and by ζ0 − Z
and ζ0 + Z in Eqs. ((15), (17), (18), and (19)].

light modulators [32]. Since all lengths are scaled by λS , the
pixel size of spatial light modulators should be much smaller
than λS , say ∼ 0.1λS ≈ 1 μm.

It is also important to mention that in the expressions (6)
and (7) we have preserved undetermined parameters V1 and V2 ,
which offers a possibility to tune the potential in a flexible way.
In particular, the present system can be used to implement a
single-mode waveguide if V2 < 0 [9], and a two-mode wave-
guide if V2 > 0 [10].

III. TUNABLE AND FIXED TRANSITIONS AND DEFECTS

In this work, we are particularly interested in transitions be-
tween different guiding regimes which can be achieved by a
change of the effective refractive index along the propagation
direction, i.e., along ζ. In an atomic cell, this can be achieved in
two different ways, as illustrated in Fig. 2. First, a transition can
be induced by tuning the control field and/or the Stark field [see
Fig. 2(a)]. This leads to the change of the refractive index inside
the atomic cell. Since the characteristics of the Stark field (like
intensity or wavelength) in principle can be modified by weak
detuning in situ, below we call this scenario a tunable transition.
In this situation, the probe-field susceptibility is modeled by

χp(ξ, ζ) ≈
{

χ̃0 + iχ̃1(ζ)ξ + χ̃2(ζ)ξ2 , |ξ| ≤ 1,

χclad , |ξ| > 1,
(8)

where the expansion coefficients χ̃i(ζ) are functions of ζ.
Alternatively, one can consider fixed transitions introduced by

variations of the cell attributes, like properties of Bragg mirrors
(affecting χclad ) [see illustration in Fig. 2(b)] or by geometry of
the cell itself, which can be varying along the propagation. In
this case

χp(ξ, ζ) ≈
{

χ̃0 + iχ̃1ξ + χ̃2ξ
2 , |ξ| ≤ 1,

χclad(ζ), |ξ| > 1.
(9)

Authorized licensed use limited to: East China Normal University. Downloaded on June 17,2021 at 05:10:24 UTC from IEEE Xplore.  Restrictions apply. 



4402710 IEEE JOURNAL OF SELECTED TOPICS IN QUANTUM ELECTRONICS, VOL. 22, NO. 5, SEPTEMBER/OCTOBER 2016

As mentioned above, we are interested in transitions resulting
in relatively strong perturbations of a waveguide, which involves
a qualitative change of the mode structure. It is possible to
suggest two implementations:

1) The transition changes the number of modes supported by
the waveguide, but the PT -symmetry of the entire config-
uration remains unbroken. For instance, an initially two-
mode waveguide can undergo a transition to a one-mode
or a three-mode regime.

2) The transition breaks the PT -symmetry, i.e., several
propagation constants become complex. This situation
resembles recently studied interaction of a soliton in PT -
symmetric coupled nonlinear Schrödinger (NLS) equa-
tions with localized coupling defect [33], as well as soliton
interaction with PT -symmetric with a localized dissipa-
tive defect [34].

Notice that the change of the number of guided modes can
be also realized in conservative waveguides (they correspond
to V1 = 0). However, the transition to the complex propagation
constants is specific to the PT -symmetric (or, more generally,
non-conservative) case.

As we will show below, a switching from the two-mode to
the one-mode regime and the PT -symmetry breaking can be
designed using the tunable transition (8). On the other hand, a
switching from the two-mode regime to a three mode regime
can be implemented using the fixed transition (9).

Using two successive transitions, one can implement a de-
fect, i.e., a localized modification of the guiding structure in a
finite region of the propagation distance. Respectively, one can
distinguished between tunable and fixed defects which can be
designed using the transitions of different types. An example of
a localized fixed defect is presented in Fig. 2(b).

A. Tunable Transition

Far from the transition, where the parameters of the wave-
guide are constant or change very slowly (i.e., can be considered
adiabatically), one can look for a stationary mode in the form
q(ξ, ζ) = w(ξ)eibζ , where w(ξ) should be found from solution
of the eigenvalue problem

bw =
d2w

dξ2 + U(ξ, ζ)w, (10)

where

U(ξ, ζ) ≈
{

iV1(ζ)ξ + V2(ζ)ξ2 , |ξ| ≤ 1,

V0 , |ξ| > 1,
(11)

which corresponds to the tunable transition (8). In Eqs. (10)–
(11), ζ should be considered as a parameter which governs the
change of the coefficients V1 and V2 .

In order to identify the values of the parameters at which
the structure of the spectrum changes, we will explore different
combinations of the parameters (V0 , V1 , V2) departing from the
“default” combination (−1, 1.1, 10.5) which was elaborated in
[10] and corresponds to the two-mode regime, i.e., exactly two
distinct real eigenvalues in the discrete spectrum.

Fig. 3. Transition from two-mode regime to one-mode regime through the
decrease of the parameter V2 . Panel (a) shows the isolated eigenvalues (one
of which enters the continuous spectrum for V2 � 2.5). The shaded domain
is occupied by the eigenvalues from the continuous spectrum. Solid lines in
panel (b) show the real parts of the potential for V2 = 10.5 (bold blue line)
corresponding to the two-mode regime and V2 = 1 (thin blue line) correspond-
ing to the one-mode regime. The dashed line shows the imaginary parts of the
refractive index which is the same in both the cases. In both panels, V0 = −1
and V1 = 1.1.

First, we illustrate the possibility of the transition between
two-mode and one-mode regimes. As shown in Fig. 3, this
transition is achieved by decreasing the peak value of the real
part of the refractive index. Mathematically, this is described
by decreasing of the parameter V2 . As shown in Fig. 3(a), for
sufficiently large V2 (say, V2 = 10.5) the waveguide supports
exactly two real isolated eigenvalues and the continuous spec-
trum which occupies the real semi-infinite interval (−∞, V0).
At V2 ≈ 2.5 the lowest propagation constant merges with the
continuous spectrum. Physically, this is explained by the fact
that the real part of the refractive index in the guiding domains
becomes large with the increase of V2 and other parameters
fixed [cf., bold and thin blue solid lines in Fig. 3(b)]. For in-
stance, at V2 = 1 the system has exactly one isolated eigenvalue
≈ −0.43. Notice that, for all values of the parameter V2 ad-
dressed in Fig. 3, the PT -symmetry of the waveguide remains
unbroken, and hence all propagation constants remain real even
after the transition from the two-mode to the one-mode regime.

In order to observe another scenario, where both the guided
modes become unstable passing through an exceptional point,
we increase the imaginary part of the potential, i.e., V1 . At the
exceptional point, the two isolated eigenvalues coalesce forming
a double eigenvalue. Upon the further increase of the gain-and-
loss, the double eigenvalue splits into a pair of the complex
conjugated ones, manifesting the spontaneous breaking of the
PT -symmetry. This scenario is illustrated in Fig. 4, where the
exceptional point corresponds to V1 ≈ 1.5.

B. Fixed Transition

Turning now to the fixed transition of the type (9), we again
consider eigenvalue problem (10), where the modulation of the
refractive index is described by the following function

U(ξ, ζ) ≈
{

iV1ξ + V2ξ
2 , |ξ| ≤ 1,

V0(ζ), |ξ| > 1,
(12)

where ζ is considered as a parameter describing the cladding
V0 . Computing the propagation constants for different values of
V0 , we observe that the decrease of V0 to large negative values
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Fig. 4. Exceptional point and transition to broken PT -symmetry by the in-
crease of the parameter V1 . Panel (a) shows real (top) and imaginary (bottom)
parts of the two isolated eigenvalues. Dashed lines in panel (b) show imaginary
parts of the potential U (ξ, ζ) for V1 = 1 (bold green line) corresponding to
unbroken PT -symmetry, and V1 = 3 (thin green line) corresponding to the
broken PT -symmetry. The solid line shows the real part of the refractive index
which is the same in both the cases. In both panels, V0 = −1 and V2 = 10.5.

Fig. 5. Transition from two-mode regime to three-mode regime by chang-
ing the parameter V0 . Panel (a) shows the isolated eigenvalues (one of which
emerges from the continuous spectrum at V0 ≈ −7). The shaded domain is
occupied by the eigenvalues from the continuous spectrum. Solid lines in panel
(b) show the real parts of the potential for V0 = −1 (bold blue line) correspond-
ing to the two-mode regime and V0 = −15 (thin blue line) corresponding to the
three-mode regime. The dashed line shows the imaginary parts of the refractive
index which is the same in both the cases. In both panels, V1 = 1.1 and V2 = 7.

results in new isolated eigenvalues emerging from the contin-
uous spectrum. This scenario is illustrated in Fig. 5. While for
V0 � −7 the waveguides supports exactly two isolated eigen-
values, it acquires three-mode structure for V0 � −7.

IV. TRANSITION BETWEEN ONE- AND TWO-MODE

WAVEGUIDES: UNIDERECTIONAL PROPAGATION

First of all, in Fig. 6 we illustrate the stationary modes and
their evolution in one-mode [see panels (a), (b)] and two-mode
[see panels (c)–(f)] regimes of the waveguide. The stationary
modes (left panels) are obtained by solving the eigenvalue prob-
lem (10), directly. The evolution of modes (right panels) is ob-
tained by solving Eqs. (4) and (5) with the split-step Fourier
method. Fig. 6(a) and (b) shows the mode and its evolution
for the case where the waveguide carries exactly one mode.
Fig. 6(c) and (e) shows two modes and their stable propagation
[(e) and (f)] in a waveguide carrying two modes. Notice that one
of the modes is fast [see Fig. 6(e)] with the propagation con-
stant ≈0.93, while the other mode is slow with the propagation
constant ≈−0.17.

Now we turn to the dynamical regimes corresponding to the
situation described by the model (4). For the sake of conve-

Fig. 6. (a) Real (solid line) and imaginary (dashed line) parts of the one mode
regime for V2 = 1 corresponding to the propagation constant b1 ≈ −0.43.
(c) and (e) Real (solid lines) and imaginary (dashed lines) parts of the modes in
the two-mode configuration of the waveguide at V2 = 7; the modes correspond
to the propagation constants b2 ≈ −0.17 and b1 ≈ 0.93. The white (shaded)
domain show |ξ| ≤ 1 (|ξ| > 1). Stable propagation of modes is shown in the
panels (b), (d), and (f), respectively. In all panels V0 = −1 and V1 = 1.1.

nience, we set V0 = −1 and V1 = 1.1, allowing to explore the
inputs corresponding to the modes shown in Fig. 3. However
now we consider variation of the coefficient V2 between two
values corresponding to one-mode and two-mode realizations
of the waveguide. More specifically we choose the following
model of the transition:

V2 = 4 + α tanh [(ζ − ζ0)/�] , (13)

where α is the amplitude of the variation of the potential, ζ0
and � are the center and width (steepness) of the transition be-
tween the two domains, respectively. In particular, large values
of � correspond to the slow (adiabatic) transition, while small �
produces a sharp jump.

We are interested in the situation when the parameters of the
regions to the left and to the right from the transition corre-
spond to waveguides with different numbers of modes. At the
output of the waveguide (i.e., at ζ = 0), we have V2 ≈ 4 − α,
while after the transition (i.e., at the waveguide output ζ 
 ζ0),
V2 ≈ 4 + α. Thus by choosing different (positive or negative)
values of α one can design a transition between different guid-
ing regimes, like for instance, a transition from a two-mode to
a one-mode regime or vice versa. Notice an interesting aspect
of this situation: it has no discrete analogy, i.e., it cannot be
reduced to two coupled waveguides (say, similar to ones studied
in [33]).
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A. Adiabatic Transition Between Two Different Waveguides

We start by applying the input beams to the one-mode side
at ζ = 0 and explore patterns of the transmitted beams in the
domain sufficiently far from the transition region (i.e., at ζ > ζ0)
where the waveguide carries two modes. This study will be
referred to as the first numerical experiment. As the second
numerical experiment, we apply the beam from the side where
there exist two modes (two isolated eigenvalues), and analyze
what comes out from the side where there is only one mode.
Since we vary V2 the two sides of the waveguide correspond to
two different points on the abscissa axis in Fig. 3(a).

First of all, we consider an adiabatic passage between the
two domains. To define adiabaticity we recall that the modes (if
they are two) are non-orthogonal, and any perturbation triggers
energy exchange between them, as well as between the modes
and the continuum spectrum. The characteristic distance Z of
the energy exchange is determined by the differences in the
eigenvalues (they are ∼1 in Fig. 3(a)), i.e., Z ∼ 1. Thus the
“adiabaticity” or smoothness of the transition is determined by
� 
 1.

In the first numerical experiment, where the light propagates
from one-mode waveguide towards the two-mode one, we do not
expect significant decay of the transferred power, because after
passing the transition the light can be caught by two modes (two
“guiding channels”) enhancing transparency of the device. How-
ever, in the transition domain some portion of the energy can
be transformed into continuous spectrum representing diffrac-
tion outwards the waveguide. On the other hand, when the light
is transmitted from the two-mode to one-mode waveguide, the
transition occurs to the medium with weaker guidance (since
only one guiding channel is presented). In this situation, we ex-
pect a significant transfer of the energy from the guided mode
to the continuous spectrum (i.e., from the discrete to continuous
spectrum) and significant decay of intensity of the output field
in inside the waveguide due to the diffraction.

To verify the described scenarios, we performed numerical
simulations for α = 3, � = 10, and ζ0 = 30 with the initial con-
dition taken at ζ = 0 as the one-core mode (one can also consider
a simple Gaussian input, which leads to a similar evolution). In
the second numerical experiment, we did the same, but taking
α = −3. The inversion of the sign of α is equivalent to swapping
the positions of the one-mode and two-mode segments of the
waveguide. Respectively, in the second experiment the initial
condition was taken as the two-core mode.

The results of both numerical experiments are presented in
Fig. 7. The results of the first simulation where the input beam
in the form of the mode shown in Fig. 6(a) is applied to the
“one-mode side” of the waveguide with the transition is illus-
trated in Fig. 7(a). As expected, we observe the almost complete
transmission of the beam. After the transition, the beam is (adia-
batically and almost completely) transformed into the fast mode,
shown by the black solid line in Fig. 7(b), which corresponds to
the background state shown in Fig. 6(e).

Next, numerical simulations were performed with the input
modes applied to the “two-mode side” of the waveguide. In
Fig. 7(c), we show the propagation of the slow input mode from

Fig. 7. (a) Propagation of a beam which at the input represents the mode
shown in Fig. 6(a). (c) Propagation of a beam which at the input represents
the mode shown in Fig. 6(b). (b) and (d) The spatial profiles of the input (red
lines) and output fields (back lines) corresponding to (a) and (c) at ζ = 60,
respectively. In all panels V0 = −1, V1 = 1.1, and � = 10.

Fig. 6(b) [see the red line in Fig. 7(d)]. After the transition,
we observe the almost complete diffraction of the beam [see
the black line in Fig. 7(d)]. The same experiment launched with
the fast input mode from Fig. 6(b) gives a similar result.

Comparing the upper and lower panels in Fig. 7, we observe
the expected nonreciprocal propagation of the light applied to
opposite sides of the waveguide with the transition between one-
to-two mode configuration. Thus the structure operates like an
optical diode-like device allowing for a transmission of a beam
localized near the core of the waveguide only in one direction.

The “quality” of such a “light diode,” can be characterized by
the integral form-factor

Q =

∫ ∞
−∞ |q|4dξ

(∫ ∞
−∞ |q|2dξ

)2 (14)

which is inversely proportional to the width of the pulse. There-
fore, spatially localized (delocalized) distribution is character-
ized by a large (small) value of Q. Consequently, we find that
Q ≈ 0.25 for the first numerical experiment [Fig. 7(a)] and
Q ≈ 0.06 for the second numerical experiment [see Fig. 7(c)]
already at ζ = 60.

B. Non-Adiabatic Transition Between Two
Different Waveguides

The adiabaticity of the transition between the two domains
of the waveguide does not appear to be important for the im-
plementation of the diode-like behavior. In order to confirm this
observation, can be useful to reduce the size of the device, we
study the “non-adiabatic” transition between one-mode and two-
mode regions. We explore the same structure as in Section IV-A
but now with � < 1 (to be specific, we choose � = 0.1).

The results are presented in Fig. 8. The input light is caught
by the emergent levels when we send the beam from the side
with only one localized mode, as shown in the panel (a). How-
ever, it escapes from the waveguide when sent from the side
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Fig. 8. (a) Propagation of the input beam in a form of the mode shown in
Fig. 6(a) applied to the one-mode side of the waveguide. (c) Propagation of the
input beam in a form of the mode shown in Fig. 6(b) applied to the two-mode side
of the waveguide. (b) and (d) Show the spatial profiles of the field at the input
(red lines) and at output fields, i.e., at ζ = 60, and correspond to propagation
shown in (a) and in (c). In all panels V0 = −1, V1 = 1.1, and � = 0.1.

with two localized modes, as shown in the panel (c). The
computed integral form-factors are Q ≈ 0.25 for the first nu-
merical experiment [see Fig. 8(a)], and Q ≈ 0.04 for the sec-
ond numerical experiment [see Fig. 8(c)] at ζ = 60. Com-
pared to the case of adiabatic transition (shown in Fig. 7), now
we observe that the input light diffracts more strongly in the
transition domain. We also observe the pronounced periodic
energy transfer between the two modes after the beam passes
through the transition domain (the period of the transfer is es-
timated as 2π/(b1 − b2) ≈ 5.7). This indicates that the output
beam in Fig. 8(a), (b) is a superposition of the two modes.

V. SCATTERING BY A TUNABLE DEFECT

The phenomena governing unidirectional light propagation
described above, can be also observed if the modification of
the modal structure of the waveguide is implemented only in
a finite region of the propagation distance in the form of a
localized defect. This situation can be designed using a pair of
transitions one of which is placed at ζ = ζ0 − Z and another
one is placed at ζ = ζ0 + Z. Here the parameters ζ0 > Z and
Z > 0 characterize the center and the half-width of the defect,
respectively. In this section, we will address two situations.
In the first case, the regions outside the defect (i.e., for 0 <
ζ < z0 − Z and ζ > ζ0 + Z) are characterized by the refractive
index supporting two propagating modes, while the modified
(defect) domain (i.e., for ζ0 − Z < ζ < ζ0 + Z) supports only
one mode. In the second case, we consider an inverse situation,
where the outside domains are characterized by one mode, while
the defect supports two modes.

Starting with the first case, we model it by

V2 = 1 + α tanh
(

ζ − ζ0 + Z

�

)
− α tanh

(
ζ − ζ0−Z

�

)

(15)

Fig. 9. (a) Scattering by a tunable defect which locally transforms a one-mode
waveguide into a two-mode one. The width of the defect domain is 2Z = 10.
(b)–(e) Scattering by a tunable defect which locally transforms a two-mode
waveguide into a one-mode regime, for Z = 1 (b), Z = 2 (c), Z = 4 (d), and
Z = 8 (e), respectively. (f) Dependence of Pguid /P (P ≈ 3.5 in the whole
scattering process) and Q on the half-width of the defect Z . In all panels,
V0 = −1, V1 = 1.1, ζ0 = 30, and � = 0.1.

with α = 3, ζ0 = 30, and a small � = 0.1 characterizing the
steepness of the transition between the guiding regimes. Thus
V2 ≈ 1 at the input and at the output of the waveguide, and
V2 ≈ 1 + 2α = 7 inside the defect (e.g., at ζ = ζ0). Consider-
ing a localized pulse at the input, we have scanned the range
0.1 ≤ Z ≤ 20. As was explained above [see the discussion of
Fig. 3(b)], the real part of the refractive index significantly in-
creases and number of supported modes is changed to two. This
facilitates light propagation as two channels are now open. It
is thus natural that the input light remains localized after the
interaction with the defect no matter its width is small (Z is
close to 0.1) or large (Z is close to 20) compared with the width
of the incident pulse. A typical example of the transmission is
shown in Fig. 9(a). The initial condition is chosen as the mode
in Fig. 6(a), and the half-distance between the defects is Z = 5.

We have also computed the power in the guided mode
defined as

Pguid =
∫ 1

−1
|q|2dξ. (16)

Thus the power of the evanescent field Pevan = P − Pguid , with
the total power P =

∫ ∞
−∞ |q|2dξ. For the scattering in Fig. 9(a),

we have Pguid ≈ 0.7 for the input mode. In the defect domain,
where the waveguide can carry two modes, we observe that
Pguid increases by about 40% (i.e., Pguid ≈ 1.0). After passing
through the defect, Pguid decreases slightly as a small part of
energy is transferred to the continuous spectrum and diffracts.
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Turning now to the second case of a one-mode defect embed-
ded into a two-mode waveguide, we explore the model

V2 = 7 + α tanh
(

ζ − ζ0 + Z

�

)
− α tanh

(
ζ − ζ0 − Z

�

)
,

(17)
with α = −3, ζ0 = 30, and � = 0.1. Thus V2 ≈ 7 at the input
and at the output of the waveguide, and V2 ≈ 7 + 2α = 1 inside
the defect (e.g., at ζ = ζ0). In Fig. 9(b)–(e), we show scattering
for different values of Z. Now inside the defect light propaga-
tion is allowed only in one mode, which results in the strong
scattering. In this case, the input light remains localized only
if the width of the defect 2Z is small, although even for small
Z the diffraction pattern outside the waveguide is still visible
[see Fig. 9(b)]. By increasing the width of the defect, we ob-
serve relatively fast decay of the form-factor Q and the power in
the guided mode Pguid . When the input and transmitted beams
are close to the exact eigenmode solutions, the total power
changes weakly, in spite of the gain and loss domains; in our
simulations P ≈ 3.5 along the whole scattering process. Thus
the decay of the power inside the waveguide results from the
energy transfer to the continuous spectrum. This is illustrated
in panels (c), (d), and (e) of Fig. 9. In panel (f), we show the
functions of Pguid/P and Q with respect to the half-width of
the defect Z.

Thus, one can control the width of the defect region to in-
crease or to decrease the light intensity at the output. Namely,
by increasing the defect width one can strongly decrease the light
intensity, which can be viewed as “switching off” the light. On
the contrary, by decreasing the defect width one can preserve
almost completely light energy into guided mode, which can be
viewed as “switching on” the light.

VI. TRANSITION THROUGH A FIXED DEFECT

Now we turn to the model (12) and consider interaction of
the beam with change of the wave waveguide mode structure
created by the external fixed defects (i.e., in the situation which is
schematically presented in Fig. 2(b)). Additionally, we intend to
explore the situation where number of modes involved is larger
than two. To this end, we fix the parameters (V1 , V2) = (1.1, 7)
and model a fixed defect by

V0 = −1 + α tanh
(

ζ − ζ0 + Z

�

)
−α tanh

(
ζ − ζ0 − Z

�

)
,

(18)
with α = −7, ζ0 = 30, and � = 0.1. Thus at the input and at the
output of the waveguide we have V0 ≈ −1, while in the region
of the defect V0 ≈ −1 + 2α = −15. From Fig. 5, we observe
that this situation corresponds to a three-mode segment of the
width 2Z embedded into a two mode waveguide. For the input
beam, we use the initial condition in a form of the mode shown
in Fig. 6(c).

In Fig. 10(a)–(d), we show the results of the scattering by
defects of different sizes. Similarly to the results obtained above
[cf., Fig. 9(a)], the defect region carries more modes than the
waveguide itself and transmits the beam. However, the fixed
defect does not lead to scattering into the continuous spectrum

Fig. 10. Propagation of the beam in a two-mode waveguide with a fixed defect
(cladding defect) which creates a localized inclusion carrying three modes.
The half-width of the defect is Z = 1 (a), Z = 2 (b), Z = 4 (c), and Z = 8
(d), respectively. In all panels, V1 = 1.1, V2 = 7, and � = 0.1.

[cf., Figs. 10 and 9], in spite of the sharp transition (small �)
and even for large defect width. We found that Pguid increases
in the defect domain and decreases after passing through the
defect. We also found that in the defect region, as well as at the
waveguide output there is appreciable energy exchange among
three and two modes, respectively. This energy transfer is faster
in the defect region where the structure guides three modes.

VII. SCATTERING BY A PT -SYMMETRY BREAKING DEFECT

Returning to tunable defects, we study the scattering of a light
beam by a defect which locally breaks the PT symmetry. This
occurs in the vicinity of the center of the defect region, i.e., in
the vicinity of ζ0 . This statement is similar to that studied in
[33] where a coupler governed by two coupled PT -symmetric
nonlinear Schrödinger equations was considered. The present
model, however, has two essential differences as compared to
the one studied in [33]: (i) now we model the two-core wave-
guide by a single (linear) equation, i.e., inter-channel coupling
is accounted exactly, rather than in the tight-binding approxima-
tion as in [33], and (ii) as a consequence, now there is continuous
spectrum describing diffraction of the beam. This last point is
relevant because it represents a “channel” for the energy escape
from the waveguide which is not related to the dissipation inside
the waveguide.

To model the described situation, we modify the complex part
of the dielectric permittivity, i.e., V1(ζ) using the analysis of the
mode structure presented in Fig. 4. More specifically, we take

V1 = 1 +
1
2

tanh
(

ζ − ζ0 + Z

�

)
− 1

2
tanh

(
ζ − ζ0 − Z

�

)

(19)
with ζ0 = 30 and � = 0.1 (i.e., V1 ≈ 1 at the input and at the
output of the waveguide, and V2 ≈ 2 at the center of the segment
with the broken PT symmetry at ζ0 = 30). As before, the half-
width of the defect, Z, is considered as a control parameter.
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Fig. 11. (a)–(c) Scattering by a PT -symmetry breaking defect for Z = 1, 2,
and 4, respectively. A periodic energy transfer between the two cores is clearly
observed. (d) The total power P (thick solid line), the guided power Pguid (thin
solid line), and the diffracted power Pcont (dashed line) as functions of the
defect width 2Z .

In Fig. 11, we present typical results of the numerical sim-
ulations of the described setting. In panels (a)–(c) we show
the dynamics for three different widths of the defect. The ini-
tial condition is chosen as an eigenmode with (V0 , V1 , V2) =
(−1, 1, 10.5) and propagation constant ≈0.9, see Fig. 4(a). Af-
ter the beam passes the first defect and enters the region with
the broken PT symmetry the intensity grows exponentially.
This growth stops after the beam passes the defect and returns
to the guiding regime with the unbroken PT symmetry. The
further evolution is accompanied by periodic energy transfer
between the two cores, occurring due to the nonorthogonality
of the modes. The output intensity grows exponentially with
the distance between the defects, as shown in Fig. 11(d). Here
we observe increase of the total power P and of the power in
the guided mode Pguid , whereas the power in the diffracting
wave Pcont increases much slower. The period of the energy
transfer is not sensitive to the defect size. Thus as a matter
of fact we observe that the waveguide operates as an effective
amplifier of the beam.

VIII. DISCUSSION AND SUMMARY

In this paper, we described a scheme allowing one to create a
PT -symmetric optical waveguide whose parameters and even
mode structure can be varied in space at will. The system con-
sists of a mixture of two isotopes of Λ-type atomic gas loaded
in a cell with Bragg cladding and exposed to several laser fields
with Raman excitations. A PT -symmetric refractive index can
be induced by manipulating the real and imaginary parts of the
refractive index of the system.

We have demonstrated that by modulating system parameters
such various functional regimes of the device can be imple-
mented. In particular, properly designed waveguide allows for
transitions between waveguide configurations supporting differ-
ent numbers of guiding modes, as well as two types of defects:
tunable ones created by local change of refractive index inside

the waveguide, and fixed ones created by the local change of
the property of the Bragg cladding. We have found that local
(or extended) change of the waveguide towards an increase of
the number of guiding modes supports and even enhances light
propagation. Otherwise, if a defect or transition results in a
reduction of the number of guiding modes, a strong attenua-
tion of guided beams can be observed. Consequently, the PT -
symmetric optical waveguide with these defects can be used to
design optical diode-like devices, switches, or amplifiers.

We emphasize that the feasibility of the scheme is based on
already well elaborated experimental techniques on designing
the dielectric susceptibility of atomic vapor cells [6], [7], [35],
[36] as well as on practical availability of hollow-core waveg-
uides having wide range of parameters and diverse technical
parameters (e.g., planar waveguides with Bragg mirrors [37] or
more sophisticated hollow-core photonic bandgap fibers [38].
Also, it worth also mentioning that the proposed scheme is struc-
turally stable, i.e., small deviations of system parameters do not
break the obtained PT symmetry. In fact, although the accu-
racy of the PT symmetry becomes lower, the unidirectional
propagation and other functionalities persist until changes of
the system parameters exceed 10% of their exact values in the
PT -symmetric configuration.
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