
This content has been downloaded from IOPscience. Please scroll down to see the full text.

Download details:

IP Address: 68.115.216.210

This content was downloaded on 27/04/2014 at 07:40

Please note that terms and conditions apply.

Lattice Boltzmann Method for Diffusion-Reaction-Transport Processes in Heterogeneous

Porous Media

View the table of contents for this issue, or go to the journal homepage for more

2004 Chinese Phys. Lett. 21 1298

(http://iopscience.iop.org/0256-307X/21/7/032)

Home Search Collections Journals About Contact us My IOPscience

iopscience.iop.org/page/terms
http://iopscience.iop.org/0256-307X/21/7
http://iopscience.iop.org/0256-307X
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


CHIN.PHYS.LETT. Vol. 21, No. 7 (2004) 1298

Lattice Boltzmann Method for Di�usion-Reaction-Transport Processes in

Heterogeneous Porous Media �

XU You-Sheng(���)1;2��, ZHONG Yi-Jun(���)3, HUANG Guo-Xiang(���)2

1Department of Physics, Zhejiang Normal University, Jinhua 321004
2Department of Physics, East China Normal University, Shanghai 200062
3Department of Chemistry, Zhejiang Normal University, Jinhua 321004
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Based on the lattice Boltzmann method and general theory of 
uids 
owing in porous media, a numerical model
is presented for the di�usion-reaction-transport (DRT) processes in porous media. As a test, we simulate a DRT

process in a two-dimensional horizontal heterogeneous porous medium. The in
uence of gravitation in this case

can be neglected, and the DRT process can be described by a strongly heterogeneous diagnostic test strip or a

thin con�ned piece of soil with stochastically distributing property in horizontal directions. The results obtained
for the relations between reduced 
uid saturation S, concentration c1, and concentration c2 are shown by using

the visualization computing technique. The computational eÆciency and stability of the model are satisfactory.

PACS: 47. 55.Mh, 03. 40.Kf, 02. 70.�c.

In the past several decades, the di�usion-reaction-
transport (DRT) process in porous media has at-
tracted considerable attention due to its important
applications for geothermal energy systems, new di-
agnostic test strips, secondary and tertiary oil recov-
ery, prevention of subsoil water pollution, and other
related topics. To the best of our knowledge, the
DRT process in porous media is treated theoretically
at various scales: microscopic scale (pore), macro-
scopic scale (laboratory, local), and domain scale.[1]

Here, the macroscopic scale is de�ned as a represen-
tative element,[2] which is much larger than the mi-
croscopic scale but much smaller than the domain
scale. In many situations, two or multiple scales co-
exist. In general studies, a model for the DRT pro-
cesses in porous media is usually generalized by com-
bining the transport equation (TE) with reducing to
the Navier{Stokes equations (NSE) for porosity equal
to 1 or to the earlier porous media models in the ap-
propriate ranges of parameters.[3] In fact, the DRT
process in porous media clearly requires some more
sophisticated descriptions than that provided by con-
tinuum approaches, such as the relationship between
the macroscopic DRT coeÆcients of porous media and
their microscopic geometry,[4] the geometrical proper-
ties of interfaces,[5�8] and the relationship between the
DRT coeÆcients and the morphology of the 
ow.[9;10]

Up to now, many analysts lead DRT processes in
porous media to a system of nonlinear partial di�er-
ential equations and ordinary di�erential equations
with typically strongly varying coeÆcients;[11�13] in
order to avoid a restriction of the time step caused
by stability conditions, they must apply implicit

schemes for the approximation of the time deriva-
tives. In many practical problems, the investigation
for DRT processes in porous media is often charac-
terized by strongly local phenomena (such as march-
ing fronts), and the adaptive numerical method with
re�ned grids often needs to be used for the spa-
tial discretization.[14�16] Though all these traditional
methods can provide accurate results for DRT pro-
cesses in porous media, they are not convenient, espe-
cially for processing the boundary conditions.

In recent years, as a new computational method,
the lattice Boltzmann method (LBM) has been suc-
cessfully set up for 
uid 
ow in porous media [3;17] and
has proven to be competitive. The LBM is based on
discrete particle description of a 
uid in porous media
and provides many of the advantages of molecular dy-
namics such as clear physical pictures and allows us to
de�ne the complicated boundary conditions. In this
Letter, we report a comprehensive study for the DRT
processes in porous media that combines the LBM
with the classical principle of porous 
ow. As a test
of our method, we present an example for the case of
DRT processes in heterogeneous porous media. The
results agree well with the theoretic prediction.

In order to understand such a DRT system, we
need an idea of how 
uids 
ow in porous media. Here,
we take the model proposed by Nithiarasu at al.

[3] In
this model, by considering the buoyancy driven 
ow
in a two-dimensional rectangular cavity and applied
for forced convective heat transfer through a variable
porosity medium, the Navier{Stokes equation can be
expressed as

r � v = 0; (1)
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where � is the 
uid density, P is pressure, �e is an
e�ective parameter equated to the shear viscosity of

uid � times the viscosity ratio J , and F represents
the total body force due to the presence of the porous
media and other external force �elds, which can be
expressed as

F = ���

K
v � �F�p

K
jvjv + �G; (3)

whereG is the body force induced by an external force.
The geometric function F� and the permeabilityK are
as follows:[18;19]

F� =
1:75p
150�3

; (4)

K =
�3d2p

150(1� �)2
; (5)

where dp is the solid particle diameter.
To obtain the capillary pressure{
uid content re-

lationship, we de�ne the reduced 
uid saturation S as
follows:

S =
� � �r
�s � #r

; 0 � S � 1; (6)

where �r and �s denote the residual 
uid content
which remains even in the dry porous media and the

uid content of the saturated porous media, respec-
tively. Considering the principle of chemical reaction
dynamics and the idea of Ref. [12], we can derive a
coupled TP system of a partial di�erential equation
(PDE)

@(Sc1)

@t
�r � (SDrc1 � �vc1) + �1Sc

n1
1 cn22 = 0; (7)

and an ordinary di�erential equation (ODE)

@c2
@t

+ �2c
n2
1 cn12 = 0; (8)

where c1 is the concentration of the mobile substance
while c2 is the concentration of immobile substance.
D is the dispersion tensor and can be expressed as

D =

�
A11 (�l � �t)(qxqy=jqj)

(�l � �t)(qxqy=jqj) A22

�
;

A11 = �l(q
2
x=jqj) + �t(q

2
y=jqj) +Dm;

A22 = �t(q
2
x=jqj) + �l(q

2
y=jqj) +Dm; (9)

where jqj =
q
q2x + q2yand Dm is the molecular dif-

fusion, which in most applications is much smaller
than the dispersion and therefore usually neglected;
�l and �t are the longitudinal and transverse disper-
sivities respectively. Here we neglect the dependence
of the dispersivities on the saturation and choose

�t � 0:1�l;
[20;21] �1 and �2 are the two reaction rate

constants, n1 and n2 are the two chemical equivalent
constants.

Employing the above equations, we can conve-
niently study the DRT processes in porous media by
�rst solving Eqs. (1) and (2), but it is not easy to
obtain the solution for Eqs. (1) and (2) because the
geometries of porous media are very complex. Due
to the successful applications of the lattice Boltzmann
computational technique in a complex 
ow �eld,[22�25]

researchers have obtained several achievements for
porous 
ow �eld.[1;2;26] We employ the statistical av-
erage principle, and the LBM scheme is expressed as

�fi(x+eiÆt; t+Æt) = �fi(x; t)�
�fi(x; t)� �feqi (x; t)

�
+FiÆt;

(10)
where Æt is the time increment, �fi(x; t) and �feqi (x; t)
are the volume-averaged distribution function and
equilibrium distribution function at the representative
elementary volume scale, respectively (in the follow-
ing, the overbars will be omitted for the sake of con-
venience), � is the relaxation time, and Fi is the force
term for ith particle of 
uid. For the D2Q9 model,[22]

the discrete velocities are given by

ei =

8>>>>>><
>>>>>>:
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2
; sin
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2

�
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p
2
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i
; sin

h (i� 5)�

2
+
�

4

i�
;

for i = 5� 8:
(11)

The equilibrium distribution function is

feqi = Ai�
h
1+

ei � v
RT

+
(ei � v)(ei � v)
2�(RT )2

� vv

2�RT

i
; (12)

where R is the gas constant and T the temperature
of the 
uid. The corresponding weight coeÆcients
are A0 = 4=9, Ai = 1=9 (i = 1; 2; 3; 4), Ai = 1=36
(i = 5; 6; 7; 8). According to Refs. [4,5], we obtain Fi

as

Fi = Ai�
�
1� 1

2�

��
ei � F
RT

+
(ei � v)(ei � F )

�R2T 2
� v � F
�RT

�
:

(13)
The density and velocity of 
uid are de�ned by

� =
X
i

fi; v =
X
i

fiei=�+
Æt
2
F : (14)

The macroscopic equations for �th 
uid 
ows in
porous media may be recovered by a Taylor expan-
sion and a Chapman{Enskog expansion, respectively,
as follows:

@�

@t
+r � (�v) = 0; (15)
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@(�v)

@t
+r �

��vv
�

�
= �rP

+r � [��e(rv + vr)] + F ;
(16)

where �e = (� � 0:5)RTÆt, and it is the same as in
Eqs. (2) and (3). Noting that as � = 1, Eq. (16) will
be reduced to the standard lattice Boltzmann equation
for the 
uid 
ows in the absence of porous media, an-
other interesting fact is that Eq. (16) will be reduced
to Darcy's law when the 
ow in porous media is very
slow.

As a test of this method, we simulate the DRT
processes in a heterogeneous porous medium. We con-
sider a two-dimensional horizontal case, in which the
in
uence of the gravitation is neglected, and the DRT
process can be described as a strongly heterogeneous
diagnostic test strip or a thin con�ned piece of soil
with stochastically distributed properties in the hori-
zontal direction only. The system of our present model
is solved on a rectangular domain 
 with two short
and two long sides facing each other:


 = f(x; y)2R2 j 0 < x < 1; 0 < y < 5g: (17)

The reduced 
uid saturation S, the concentrations of
mobile substance c1 and immobile substance c2 are
normalized and thus are within the interval [0, 1]:

0 � S; c1; c2 � 1: (18)

The boundary conditions are designed as

S(x; y; t) = 1; y = 0; (19)

en:rS(x; y; t) = 0; y = 50; (20)

en:rS(x; y; t) = 0; x = 0; (21)

en:rS(x; y; t) = 0; x = 12:5; (22)

where en2R2 denotes the normal vector on the bound-
ary @
 .

The mobile substance through the above bound-
aries is prohibited by the conditions

c1(x; y; t) = 1; y = 0; (23)

en:rc1(x; y; t) = 0; y = 50; (24)

en:rc1(x; y; t) = 0; x = 0; (25)

en:rc1(x; y; t) = 0; x = 12:5: (26)

Because of Eqs. (20){(22), the following equation:

en � �v = en � 1

ne
D(S)rS = 0; (27)

holds for all boundaries. The initial values are given
by

S(x; y; 0) = 0; y > 0; (28)

c1(x; y; 0) = 0; y > 0; (29)

c2(x; y; 0) =

�
1; 14 + 0:7x < y < 22 + 0:7x;

0; elsewhere. (30)

which provides an absolutely unsaturated porous me-
dia with a reaction zone.

Fig. 1. Initial patterns: (a) reduced 
uid saturation S,
(b) concentration c1, (c) concentration c2.

Fig. 2. Pattern for 171 time steps: (a) reduced 
uid sat-
uration S, (b) concentration c1, (c) concentration c2.

Using a visualization computing technique, the re-
sults are shown on Figs. 1{3. The left-hand sides of
these �gures present the reduced 
uid saturation S
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for di�erent time, the middle of these �gures present
the concentration c1 of the mobile substance, while
the right-hand sides show the concentration c2 of the
immobile substance. For all pictures, white represents
S, c1, c2 = 1, black represents S, c1, c2 = 0, all tiny
grey points represent solid media, and the reaction
zones are bounded by 14 + 0:7x < y < 22 + 0:7x
with two white lines. Thus, according to the bound-
ary conditions the liquid with a concentration c1 of
the mobile substance enters the porous media at the
in
ow-boundary. Because of the heterogeneity, some
parts of the porous media remain dry for a long time,
although the neighbourhood is already almost satu-
rated. After a �nite number of time steps (171 time
steps), the liquids reaches the reaction zone which is
set in Eq. (30). In this region, the concentration of the
mobile phase decreases until the immobile substance
is completely consumed. The steady-state solution,
reached after approximately 240 time steps, is a to-
tally saturated porous medium.

Fig. 3. Pattern for 240 time steps: (a) reduced 
uid sat-
uration S, (b) concentration c1, (c) concentration c2.

In conclusion, we should point out that for the
DRT process in porous media, our model is more fun-
damental than previous ones, and the computational
eÆciency and stability are satisfactory. Hence it will
be helpful for detailed study of the evolution of (DRT)
processes in porous media.

We would like to thank Dr Fang Hai-Ping for his
help.
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