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Storage and retrieval of vector optical solitons via double electromagnetically induced transparency

Yang Chen,' Zhiming Chen,! and Guoxiang Huang'->"
1State Key Laboratory of Precision Spectroscopy and Department of Physics, East China Normal University, Shanghai 200062, China
2ECNU-NYU Joint Physics Research Institute at NYU-Shanghai, Shanghai 200062, China
(Received 17 July 2014; published 17 February 2015)

We propose a scheme to realize storage and retrieval of two-component optical soliton in a coherent atomic
system. The system under consideration is a cold, lifetime-broadened four-level atomic gas with a tripod
configuration working at the condition of double electromagnetically induced transparency. We show that due
to the existence of two dark states, the optical absorption of the probe pulse can be largely reduced. In addition,
the two orthogonal polarization components of the probe pulse with a form of vector optical soliton cannot only
be slowed down substantially but also be stored and retrieved robustly by switching a control laser field off and
on. We also show that it is possible to achieve a memory of N-component optical soliton by using the N dark
states in a (N + 1)-pod system (N > 2). The results reported here may have promise in applications for light

information processing in a weak nonlinear regime.
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I. INTRODUCTION

In recent years, much attention has been paid to the
investigation of light storage and retrieval, which is very crucial
for the realization of optical information processing. One of the
important techniques for realizing light storage and retrieval
is the use of electromagnetically induced transparency (EIT),
which is a quantum interference effect typically occurring in
a three-level atomic system [1]. Due to the existence of a dark
state, a probe laser field can be stored in atoms and retrieved
by manipulating a control laser field [2].

However, nearly all studies up to now on light storage and
retrieval via EIT have been carried out in a linear regime. It is
well known that a linear probe pulse in an EIT system suffers
a spreading and attenuation due to the existence of dispersion,
which may result in a serious distortion for retrieved pulse.
For practical applications of optical memory, it is desirable
to obtain a probe pulse that is robust during its storage and
retrieval (i.e., with a high fidelity). A preliminary analysis
shows that a weak optical soliton pulse can be stored and
retrieved in three-level atomic systems via a single EIT [3,4].

In this article, we propose a scheme to realize the storage
and retrieval of vector optical soliton (VOS) in a cold, lifetime-
broadened four-level atomic system with a tripod configuration
and working under the condition of double electromagnetically
induced transparency (DEIT). We show that due to the
existence of the DEIT and hence two dark states, the optical
absorption of the probe pulse can be largely reduced. In
addition, the two orthogonal polarization components of the
VOS cannot only be slowed down substantially but also be
stored and retrieved robustly by switching a control field off
and on. We further show that it is possible to realize the storage
and retrieval of N-component optical soliton by using the
N dark states in a (N + 1)-pod system (N > 2). The result
reported here provides the possibility of the high-fidelity bit
memory and hence may have promise in applications in light
information processing in a weak nonlinear regime.
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Before preceding, we note that DEIT has been explored in
many previous studies, which showed that two probe fields
can be made transparent by the use of control field [5-10].
Additionally, the storage and retrieval of the two probe fields
in DEIT systems have also been demonstrated experimen-
tally [11-15]. However, our work is different from Refs. [5—
10], where only linear DEIT was investigated. Furthermore,
our work is also at variance with Refs. [11-15], where only the
memory of two probe pulses in the linear propagation regime
was explored. In contrast with these studies, in our work not
only a nonlinear DEIT but also the storage and retrieval of
two solitonic probe pulses in nonlinear propagation regime
are explored.

The article is arranged as follows. In Sec. II, the physical
model under study is described. In Sec. III, a derivation of
coupled NLS equations controlling the evolution of envelopes
of the two polarization components of the probe field is given,
and an ultraslow VOS solution is also presented. In Sec. IV,
storage and retrieval of the VOS are investigated in detail
and a theoretical explanation is also presented. In Sec. V,
the storage and retrieval of N-component optical solitons is
discussed. Finally, the last section contains a summary of the
main results of our work.

II. MODEL

We consider a cold, lifetime-broadened atomic gas with
a tripod-type level configuration, interacting resonantly with
a pulsed probe laser field with two orthogonal circular-
polarized components (with half-Rabi frequency €2,,1 and 2,5,
respectively), and a linear-polarized, strong continuous-wave
control laser field (with half-Rabi frequency €2.). The two
polarization components of the probe field drive, respectively,
the transitions from |4) <> |1) and |4) <> |2), while the control
field drives the transitions from |4) <> |3) [see Fig. 1(a)]. A
possible arrangement of experimental apparatus is shown in
Fig. 1(b).

For simplicity, we assume both the probe and control
fields propagate along the z direction. Then the electric
field of the system can be expressed as E = (€.&,+ +
é_Ep-dexplitk,z — wpt)] + é.L.explitkez — wet)] + c.c.
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FIG. 1. (Color online) (a) Energy-level diagram and excitation
scheme of the four-level tripod atomic system. €2,; and €2,, are
the half-Rabi frequencies of two polarization components of the
probe field, which couple, respectively, to the levels [4) — |1) and
[4) — |2). The levels |3) and |4) are coupled by the control field
with half-Rabi frequency .. I'14, 'y, and I'34 are, respectively, the
spontaneous emission decay rates from |4) to |1), |4) to |2), and
[4) to |3). A4, A3, and A, are detunings. I'y3, I'31, 23, and 'z,
are, respectively, the rates of incoherent population transfer between
|3) and |1), and between |3) and |2). (b) Possible arrangement of
experimental apparatus. &, is the control field and £, and &+ are the
two circular-polarized components of the probe field £, respectively.
B is an applied magnetic that induces a Zeeman splitting of the lower
levels.

Hereé, = (R +i§)/v/2(é_ = (X — i§/~/2))is the probe-field
unit vector of the circular-polarized component with the
envelope &£,+ (£,-), which drives the transition [2) < |4)
(|1) <> |4)); X () is the unit vector along the x (y) direction;
€. is the unit vector of the control field with the envelope
& ky =wy/c (ke = w./c) is the wave number of the probe
(control) field before entering the atomic gas.

The Hamiltonian of the system in the interaction picture is
given by

4
D AN G+ Q4L+ Qp14)(2]
j=1

Hip = —h

+ Qc4)(3| +H.c. |, (1)

with A; =0, A, =(E; — Ez)/h, Az = wWp — W — (E5 —
Ey)/h, and Ay = w, — (E4 — E{)/h. Here E; is the energy
eigenvalue of the level |j) (j = 1,2,3,4); Qp1 (p2) is the
half-Rabi frequency of the £,- (€,+) component of the probe
field; €2, is the half-Rabi frequency of the control field.

The motion of atoms is governed by the Bloch equa-
tion [16],

lﬁ( + F>0 = [Hin, 0], )

where o is a 4 x 4 density matrix in the interaction picture,
and I is a 4 x 4 relaxation matrix describing the spontaneous
emission and dephasing of the system. The definitions of €2,
(¢ = pl,p2,c) and the explicit expressions of Eq. (2) are
presented in Appendix A.

The evolution of the electric field in the system is controlled
by the Maxwell equation,

1 °E 1 9%P

V’E — = il
2 312 80C2 ot2

3)
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with P = N {p1404; expli(k,z — w,1)] + P24oaz expli(k,z —
wpt)] + p3sosz expli(k.z — wet)] +c.c.}. Under a slowly
varying envelope approximation, we obtain the equations for
Qy (a = plvpzvc)’

(8 19
i\ 50+ 25, )@ K100 =0, (4a)
(9 19
1 a—z—i‘;E Qp2 + k24042 = 0, (4b)
(2, 10

8z+25 Q¢ + k34043 = 0, (4c)

where k14 = Nywplpial?/Qeoch), ks = Nywplpasl?/
(2egch), and k34 = Nyw.|p3al?/(2eoch), with N, the atomic
density and c the light speed in vacuum. Note that for simplicity
we have assumed both the probe and control fields have large
beam radius in x and y directions so that the diffraction effect
representing by the term (32/9x? 4 3%/9y?), are negligible.

III. ULTRASLOW VECTOR OPTICAL SOLITONS

A. Nonlinear envelope equations

We first use the standard method of multiple scales
developed for EIT-like resonant atomic systems [17]
to derive nonlinear envelope equations for the two
orthogonal components of the probe pulse based on the
nonlinearly coupled Maxwell-Bloch (MB) Egs. (Al)
and (4) by assuming a constant control field. To
this end, we take the asymptotic expansions o;; =

(0) H (2)+€3 (3)+ (] — 1’2’3’4)’

+ea” +€20’H
(0)—1—60(])4—620(2)4—63 “) - (j=2341=123),
(1 =1,2). Here o

and Qp = eQ(l) + 629(2) + 639(3)
is the initial populatlon dlstrlbutlon prepared in the state | ])

(1) is the initial coherence related to the state | j) and the state
|l ) and € is a dimensionless small parameter characterizing the
typical amplitude of €2,,; and €2,». To obtain a valid expansion
for the nonlinear evolution of the system, all quantities on the
right-hand side of the expansion are considered as functions
of the multiscale variables z; = €'z (I = 0,1,2), and #, = €'t
(I =0,1)[17].

Substituting the above expansion to the MB Eqs. (A1), (4a),
and (4b) and comparing the coefficients of e (1=1273.),
we obtain a set of linear but inhomogeneous equations which
can be solved order by order. At zero order, the solution reads

(Tj1=

J2Gy — JnG
01((1)) _ G = nGi (5a)
JioJoy — JiiJn
J1Gy — 1 G
02(2) _ JaG nGz (5b)
JioJor — Ji1Jn
Xl — iF31 — XIO’(O) — XQO'(O)
aﬁ) — X 11 22 ’ (5¢)
4
(0) 0) )
) _ _Qc'(l 011 — % — 2‘744) 54
5 @+ di) C o9

where o3y = 1 — oy}’ — 037 — 0y X, (j = 1.2.4), G (| =
1,2), J_,k (j,k =1,2,j # k) are given in Appendix B. Note
that the populations in the level |3) and |4) come from the
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FIG. 2. (Color online) DEIT in the tripod system. Im(K) (solid
line) and Im(K,)(dashed line) are the absorption spectra of the two
polarization components of the probe pulse as functions of w. (a) The
case without EIT (2. = 0). (b) The case with DEIT (€2, = 30 MHz),
where a transparency window opens for both Im(K) and Im(K>).

incoherent population transfer (i.e., I'3; and I'3;). We assume
both I'3; and I'3, are small so that the populations in |3) and
|4) are negligible.

At the first order, we obtain the solution Q(pll) = Frexp(i6))

and Q) = Frexp(i6;) with 6 = Ky(@)20 — wto [18] and
F(2) the envelope function of the slow variables z;, z», and #;.
K, and K; are linear dispersion relations, given by

W (w + d31) 0,(0) _ O'(O) + QCO.*(O)

Ki(w)=—+xu (1 ) B (6a)
c Dy(w)
w (w + d3p) o9 5O + QCO'*(O)

Kz(a)) = — +kKknu ( 22 44) e ’ (6b)
c D) (w)

with Dj(w) = |Q|* — (0 + d3;)(@ + daj) (j = 1,2). We see
that the linear dispersion relation has two branches, belonging,
respectively, to the two orthogonal polarization components of
the probe field. The explicit expressions of U},l) are presented
in Appendix C.

Shown in Fig. 2 are absorption spectra Im(K) (solid line)
and Im(K,) (dashed line) as functions of w. Figures 2(a)
and 2(b) are, respectively, for the absence (2. = 0) and the
presence (2. = 30 MHz) of the control field. We see that
when €2, = 0 both polarization components of the probe pulse
have large absorption [Fig. 2(a)] (i.e., no EIT); however, in
the presence of €2, a transparency window is opened in both
Im(K;) and Im(K;) [Fig. 2(b)]. In this situation, the two
polarization components of the probe pulse may propagate
in the present resonant atomic ensemble with negligible
absorption (i.e., DEIT). The occurrence of the DEIT is due
to the quantum interference effect induced by the control field,
which allows the existence of two dark states (i.e., the upper
state |4) is not involved),

[D1) = Q1) — 2p113), (7a)
[D2) = €2]2) — 2p2|3), (7b)

for the Hamiltonian (1). Note that when plotting Fig. 2, the
model and system parameters given in Appendix A have been
used. In addition, we have taken A3 = Ay =0, A, =2 MHz
(here a larger A, is chosen for distinguishing the curves in
the figure), AV, = 5.51 x 10''em™>, and hence x4 & kp4 ~
1.5 x 101%cm~"'s7 !,
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To study the weak nonlinear effect of the system, we
must go to high-order approximations. At second order,
we obtain i[0F;/0z; + (1/Vy)oF;/0t1] =0 (I = 1,2), with
Va =1/Ky (Kjp = 0K;/dw) the group velocity of the /th
polarization component of the probe pulse. The second-order
solution is presented in Appendix D.

With the above result we proceed to the third order. The
divergence-free condition in this order yields the nonlinear
envelope equations for F; and F;:

aF, 1 9°F 5 oa
i— — —Kjp—— — (W | Fi|*e 202
FE 12 Y (Wil Fyl

+ Wia| Fo?e*®2)F; =0, (8a)
aF, 1 9K ) g
P2 Ky (W | Fy|Pe 22

0, 2 2 912 (Wa | Fy|

+ Wa| Fo?e*®2)F, = 0, (8b)

where @ = e 2a; = ¢ *Im(K;) is absorption coefficient,

K, = 3%K;/dw? is group-velocity dispersion coefficient, and
Wy, is a nonlinear coefficient characterizing self-phase modu-
lation (SPM) of the /th polarization component of the probe
field; Wi, and W,; are nonlinear coefficients characterizing
cross-phase modulations (CPMs) between the two polarization
components. The explicit expressions of all these quantities are
given in Appendix E.

B. Ultraslow vector optical solitons

We now consider possible VOS solutions of the coupled
nonlinear Eqgs. (8a) and (8b). Notice that these equations
have generally complex coefficients. However, due to the
existence of the DEIT the imaginary parts of these complex
coefficients are very small and can be taken as perturbations
(see the example given below). For a transparent physical
analysis, these small imaginary parts are neglected in analytical
calculations but will be included in numerical simulations.

By defining s=z/Lp, o=—2z/Vy)/t, u =
(Rp1/Uo)exp(—iK1z), and uy = (2,2/Up) exp(—iK2z2),
Egs. (8a) and (8b) are converted into the dimensionless form,

e n n ouy
| — u 1 —_—
s 8A1 U1 85 9o
gp1 9%u
— 22— — (gnlui P + gl =0, (9a)
2 do
e n . Oup
| — Uy —1 —_—
s 8A2 U2 85 pys
gp2 3%us
— 2222 — (gailui P + gnlua Pz = 0, (9b)
2 do

with gal = O{[LD (l = 1,2), 85 = sign(8)LD/L5, 8p1 =
K12/|K2|, gp2 = sgn(K»), gm = Win/IWal| (,m =1,2),
83=(1/Vy —1/Vg)/2, and V, =2Vy Ve /(Ve1 + Ve2).
Here Lp = r02 /1K | is the characteristic dispersion length,
Ls = 19/|8] is the characteristic length for group-velocity
mismatch, and 7 is the characteristic pulse length. Since our
aim is to obtain VOS solutions, in Egs. (9a) and (9b) we
have assumed Lp = Lnp, with Ly = 1/(U3|Wa|) being
characteristic nonlinear length of the system.
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For the system parameters given in Appendix A, and
when selecting Ay = 6.0 x 108 Hz,A5 = 2.0 x 10°Hz,A, =
1.0 x 10* Hz,I'35; ® T35, = 100Hz, '3 & T3 =1'3/2, Ny =
[y T3y =T4/3, k14 ®Kkpg =1.5x% 1010 cm_ls_l, and
Q. = 2.4 x 108 Hz, we obtain the numerical values of the
complex coefficients in Eqs. (8a) and (8b) evaluating at w = 0
(i.e., at the center frequency of the probe field), which are K| =
(0.26595+4i0.00031) cm™!, K, = (0.26460+i0.00031) cm ™",
K11=(1.358514i0.00184) x 1077 cm™'s, K, =(1.35821 +
i0.00183) x 1077 ecm™!s, K;; = (2.90860 + i0.0965) x
1075 em™'s?, Ko = (2.90752 +i0.0964) x 10~ cm~!s?,
Wi = (2.26869 + i0.07441) x 107 cm™'s?, W, =
(2.22029 + i0.07440) x 107" cm7's?, Wy =
(2.22054 + i0.07427) x 107" cm~'s?, and Wy =
(2.26821 4+ i0.07438) x 107'¢ cm~'s?. We see that the imag-
inary parts of these quantities are indeed much smaller than
their relevant real parts, as expected above. The physical
reason of such small imaginary parts comes from the DEIT
effect induced by the control field. Additionally, all four Kerr
coefficients Wy, Wiy, Wy, Wy, are very large (comparing
with those, e.g., in optical fibers) and have the same order of
magnitude, which is due to the DEIT and the symmetry of the
tripod level configuration (i.e., the detunings of all the lower
levels are taken to be small).

When taking 1o = 1.0 x 107 s, we obtain Uy &~ 3.58 x
107 s71, and Lp = 3.43 cm. Furthermore, one has L; =
6874 cm, which means that the group velocities of the two
polarization components are matched well. The dimensionless
coefficients read gs = 0.001, gp;1 ~ 1, gpp =1, and g =
g1 ~ g1 ~ gx» ~ 1. When disregarding the small imaginary
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parts of the coefficients, Egs. (9a) and (9b) become coupled
nonlinear Schrodinger (NLS) equations. A bright-bright VOS
solution is given by

(10a)
(10b)

uy = visech(Ago + Bos)expli(o10 + g15)],
uy = vysech(Ago + Bos)expli(020 + 525)],

if the parameters fulfill the condition gxgpi = g128p2-
We have defined o1 = (Bo+ gs40)/(gp14o), 02=
(Bo — 85A40)/(gp2A0), 51 = =018 — &p1(AG — 0])/2, 62 =
0285 — gp2(A} — 03)/2, and v, = [(gp1A] — g11vD)/g12]"?
Here vy, Ay, By are free parameters.

After returning to the original variables, we obtain

1 [|WinK A B A
Qy(z,t) = —,/|= Loz sech|:—o<t - i) + —OZ:|e’¢‘,
To WiiWa 70 Vg Lp
(11a)
1 A Wy K K
Qpazit) = _\/ 2K \/’ 2
70 Wi K W
Ao B
xsech|: (t — i) + —Oz]e’¢2. (11b)
70 Vg LD

One sees that the CPM coefficient Wy, appears explicitly
in the solution, which is a manifestation of the interaction
between the two polarization components of the VOS.

The probe-field expression corresponding the VOS is given

I WK
E,(z.0) = (é_ ' 22 [0
[P1alto \ | Wi Waz

+c.c.,

+
[P24170

where ¢ = K,z + Bo|Kna|(t — 2/V,)/(AoK 1270) —
(AR} — B2R3)/QANRIK 1) and ¢ = Koz + Bo(t —
2/ Vg)/(Agto) — (Z/LD)(A4 B})/(2A}), with Ay and By
being two free parameters. We see that the envelopes of the
two (circularly) polarized components of the VOS have the
same propagating velocity \78 /[1 — By Vgto /(AoLp)].

With the above results, we obtain the propagating velocities
of the two polarization components of the VOS,

(z/Lp)

Vo = 2.45683 x 107 ¢,
V., = 2.45683 x 107*

(13a)
(13b)

when taking Ag =2 and By = 1. We see that both V;; and
V,» are ultraslow and matched. The ultraslow and matched
propagating velocities are very crucial for the simultaneous
memory of the two components of the VOS.

The threshold of the optical power density Pp,x for
generating the VOS predicted above can be estimated by using
Poynting’s vector [17]. We have

Prax ~ 133 x 107° W. (14)

o /‘ A2R Wi
€
Wi2Ka»

l¢2 sech[ﬂ<t — ;) + %]ei(kpz—w,,t—wt)
70 Vg LD

12)

by
\/' K»
[

Thus, to create the ultraslow optical solitons in the system very
low input power is needed. The reason for such low generation
power of the VOS is due to the giant Kerr nonlinearity (i.e.,
large SPM and CPM coefficients) produced by the DEIT effect.

IV. STORAGE AND RETRIEVAL OF VECTOR
OPTICAL SOLITONS

A. Storage and retrieval of the two polarization
components of the probe field

Fleischhauer and Lukin [19] demonstrated that it is possible
to realize storage and retrieval of a probe optical pulse in a A-
type three-level atomic system. First, by switching on a control
field the probe pulse may propagate in the atomic system
with nearly vanishing absorption. Then by slowly switching
off the control field the probe pulse will disappear and get
stored in the form of atomic coherence. Later on, by switching
on the control field again the probe pulse will reappear. In
recent years, such theoretical prediction has been verified
successfully by a series of beautiful experiments [20-33].

However, the intensity of the probe pulse used in Ref. [19]
and the studies carried out thereafter [20-33] is weak; i.e.,
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FIG. 3. (Color online) Storage and retrieval of two-component optical pulse in different dynamic regimes. Shown in each panel
are profiles of [€2,7| (blue solid line) and [€2,,7y| (red dashed line) as functions of z and ¢ for different input light intensity of the
probe pulse. (a) Dispersion-dominant (i.e., linear) regime [£2,,1(0,7)7o = 0.6 sech(t/719),€2,(0,7)Ty = 0.8 sech(t/7o)]. (b) Soliton regime, where
there is a balance between nonlinearity and dispersion [£2,;(0,#)7y = 7 sech(t/79),$2,2(0,f)t9p = 9.3 sech(¢/70)]. (c) Nonlinearity-dominant
regime [£2,,(0,1)ty = 9sech(t/79),$2,2(0,1)T9 = 12 sech(z/7p)]. The lines from 1 to 6 in each panel correspond to propagation distance z = 0,
3cm, 6 cm, 9 cm, 12 cm, and 15 cm, respectively. The control field |€2,7| is shown in the upper part of each panel.

all systems considered in those studies work in a linear
propagation regime. Recently, in Refs. [3,4] a preliminary
analysis has shown the possibility of realizing memory
of a single-component optical soliton in three-level atomic
systems via a single EIT. However, for light information
processing (especially multibit applications) it is necessary
to extend these studies not only to the nonlinear regime
but also for multicomponent optical solitons. In this section,
we demonstrate that it is possible to realize the storage and
retrieval of the VOS by using the four-level tripod-type atomic
system via DEIT.

To this aim, we consider the solution of the MB Egs. (2)
and (4) by using a particular control field that is adiabatically
changed with time ¢ to realize the function of its turning
on and off. Since in this case analytical solutions of the
MB equations are not available, we must resort to numerical
simulations.

Figure 3 shows the result of a numerical simulation on the
evolution of |£2,17o| (blue solid line) and |€2,,7¢| (red dashed
line) as functions of z and ¢ for different input light intensity
of the probe pulse. In the simulation, the switching-on and the
switching-off of the control field (the green solid line shown

in the upper part of each panel) is modeled by the combination
of two hyperbolic tangent functions with the form,

1 [—Toff 1 t_Ton
Q.(0,1) = Q041 — ~tanh| —°% | + —tanh ,
©.0 0{ 2an[ T; ]+2an[ T “

(15)

where Ty and Ty, are, respectively, the times of the switching-
off and the switching-on with a switching time approximately
given by T;. Lines from 1 to 6 in the figure are for the
pulse propagating to z =0, 3 cm, 6 cm, 9 cm, 12 cm, and
15 cm, respectively. The system parameters are chosen from
a typical cold alkali-metal ®’Rb atomic gas with I'y/2m =~
6 MHz, F3/27‘[ ~ 3.2 kHz, Va1To = VarTo = Ya3To ~ 1.88,
V31T0 = VY32Tp ~ 1074, Ar1g = 0.001, Aszt9 =0.2, Ayt =
60, K14To & KTy = 1.5 x 103 cm_l, Q1o =24, Ts/t9 =
0.2, Toe/To = 10, Ton/To = 20, with 7o = 10~’s. Note that
in order to plot clearly the profiles corresponding to different
polarization components of the probe pulse, the peak values
of [€2,170] and [£2,270| are taken to be different (as a special
case, they can of course take the same value).
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To describe the light pulse memory quantitatively, similar
to Ref. [34] we define memory efficiency 7; as the probability
of retrieving the ith component of the VOS after some storage
time, or equivalently, as the energy ratio between the retrieved
(output) pulse Q;‘ftpm(l) and the input pulse Q';Pm(t):

00 utpu 2
S22 |2p™ ] ar

STl ar

= (16)

To characterize the quality of the generation of the pulse shape,
we define an overlap integral Ji2 as [35]

| fj—oo Q(;ljtput(t)ginput(t + to)dt|2

00 pi

T lepm ol [ I+ wPdr

2 _
L=

A7)

Line 1 and line 6 in the figure are taken as the input pulse
Sz‘pnl.pm(t) and output pulse Q(;,Li‘tp ") (i = 1,2), respectively.

Shown in Fig. 3(a) is the result for a weak (i.e., linear)
two-component probe pulse with €,1(0,#)7g = 0.6 sech(t /o)
and £2,,,(0,1)to = 0.8 sech(z/1o). In this dispersion-dominant
regime, storage and retrieval of the two-component probe
pulse are possible, with the memory efficiencies for the two
components of the probe pulse given by 1, & 17, = 0.965. The
values of the overlap integral between the output and input
pulses are J2 ~ J7 = 0.658. Thus the fidelity of the light
memory is only mle = 172]22 = 0.635, which means that a
large deformation for the retrieved pulse shape occurs and
both components of the probe fields broaden rapidly before
and after the storage. Obviously, such light memory is not
desirable for practical application because light information
will be spoiled after the storage.

Figure 3(b) shows the result for a weak nonlinear two-
component probe pulse with €,1(0,7)tg = 7 sech(¢/7p) and
Q,2(0,)t9 = 9.3 sech(t/70). In this case, the system works
in a soliton regime where a balance between dispersion and
nonlinearity is achieved. Before the storage (2. is switched
on), the probe pulse is a VOS with two components, i.e., a
soliton pair; when 2. is switched off, the VOS is stored in
the atomic ensemble (i.e., both €2,; and €2,, are vanishing
but the atomic coherences o3 and o3 take nonzero values;
see below); then the VOS is retrieved after the storage (when
Q. is switched on again). The memory efficiencies for the
two components of the probe pulse are n; ~ 1, = 0.961. The
values of the overlap integral between the output and input
pulses is le ~ .122 = 0.932 and the fidelity of the retrieved
pulse is 71/} & n2J;7 = 0.896. We see that the retrieved probe
pulse has nearly the same wave shape as that before the storage
and hence the light memory in this case has high efficiency and
fidelity. This result illustrates clearly that a robust memory of
the VOS can be realized in the present four-level tripod system
via the DEIT.

Shown in Fig. 3(c) is the result for the case of strong
nonlinearity with €2,,1(0,#)to = 9 sech(t /1) and ,5(0,1)79 =
12 sech(z/1p). In this case, the system works in a nonlinearity-
dominant regime and hence a stable VOS is not possible.
From the figure we see indeed that both components of
the probe pulse display significant distortions; especially
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some new peaks are generated before and after the storage.
The memory efficiencies for the two components of the probe
pulse are n; ~ 1, = 0.942. The values of the overlap integral
between the output and input pulses are J7 ~ J; = 0.731 and
hence the fidelity of the retrieved pulse is only n; JZ & 1, J7 =
0.689. Thus, similar to the dispersion-dominant regime [i.e.,
Fig. 3(a)], the light memory in this situation has a low fidelity,
which is also not desirable for practical application because
light information will be lost before and after the storage.

B. Behavior of the atomic coherences o3 and 0,3 and the
dynamics of the control field during the light memory

From the result of Fig. 3, we clearly see that comparing with
the dispersion-dominant and nonlinearity-dominant regimes
the soliton regime is desirable for the storage and retrieval
of the two components of the probe pulse (i.e., VOS).
One may ask the question how the VOS is stored into the
atomic ensemble when both the probe and control fields have
vanishing value. In fact, during the storage the probe-field
energy is converted into atomic degrees of freedom, i.e., into
the atomic coherence o3 and 0,3, which have nonvanishing
values even when ., 2,1, and ,, become zero (see the
theoretical explanation given below).

Mlustrated in Fig. 4 is the result of atomic coherences o3
(blue solid line) and 0,3 (red dashed line) for the three different
dynamic regimes as functions of distance z and time ¢ during
the process of the storage and retrieval of the two-component
probe pulse. The initial probe pulse used in the dispersion-
dominant regime [Fig. 4(a)], the soliton regime [Fig. 4(b)],
and the nonlinearity-dominant regime [Fig. 4(c)] are the same
as those used in Figs. 3(a)-3(c), respectively. The lines from
1 to 6 in each panel of the figure correspond to z = 0, 3 cm, 6
cm, 9 cm, 12 cm, and 15 cm, respectively.

From Fig. 4 combined with Fig. 3 we see that, during the
storage and retrieval of the probe pulse, 13 # 0 and o723 # 0
in the time interval when Q. = Q,; = €/, = 0. Since the
two components of the probe pulse are stored in the form of
atomic coherences when the control field is switched off and is
retained until the control field is switched on again, the atomic
coherences o3 and 0,3 can be taken as the intermediaries for
the storage and retrieval of the two components of the probe
pulse.

Note that in the above discussions on the memory of the
probe pulse, the dynamics of the control field is disregarded.
However, because in the interval of the storage the control field
becomes vanishingly small and its depletion (dynamics) is an
important issue. Shown in Fig. 5 is the result for the depletion
of the control field during the storage and retrieval of the VOS.
Figure 5(a) shows the evolution of [£2,17o| (blue solid line),
|€2,2T0| (red dashed line), and |2.7p| (green solid line) as
functions of ¢ and z in the soliton regime. Figure 5(b) shows
the corresponding atomic coherences o3 and 0,3 as functions
of z and ¢. The lines from 1 to 6 in each panel correspond to
z=0,2cm, 4 cm, 6 cm, 8 cm, and 10 cm, respectively. From
the figure we see that, as expected, the control field |€2. 7| has
indeed small depletion before and after the storage of the VOS.
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FIG. 4. (Color online) Atomic coherences o3 (blue solid line) and o3 (red dashed line) in the three different dynamic regimes as functions
of distance z and time ¢ during the process of the storage and retrieval of the two-component probe pulse. Initial probe pulse used in the
dispersion-dominant regime (a), the soliton regime (b), and the nonlinearity-dominant regime (c) are the same as those used in Figs. 3(a)-3(c),
respectively. The lines from 1 to 6 in each panel correspond to z = 0, 3 cm, 6 cm, 9 cm, 12 cm, and 15 cm, respectively.

C. Theoretical explanation

Now we give a simple explanation on the numerical results
of the VOS memory presented above, paying attention mainly
to Figs. 3(b), 4(b), and 5(a).

Because before and after the storage the leading order of
2. is a constant, the theoretical approach presented in Sec. I11
is valid. During the storage, €2, is switching off and the two
components of the VOS become nearly vanishing. Thus in the

. (a) . (b)
28 Control field |Q,_1 | o J\\ Control field | z |
24 m W
o] L 5 16.L line1:z=0cm L
= 2°Tprobe field mm:z—Ocm & T Coh%rence line2:z=2cm ]
S 167 ) ;‘1 line2:z=2cm % & N _G;g line3:z=4cm
= ___sz“Z 34 5 I!ne3:_z=4cm § 0z 17234 5 6 line4:z=6cm
o 12 ; v \/\‘,-\ S I!ne4.z=6cm = : It‘('\(’\(’ YT "\(’ % line5:z=8cm
e AN A A 1 lineSz=8em | o A '\ line6:z=10cm
8+ KR i ' line6:z=10cm | = NN = '
i \ \I \ a \
'RAYAWAD \ 0.1 i
44 J V i
\
0 T T 1 T 00 T T 'I I T
-10 0 10 20 30 40 -10 0 10 20 30 40
t/t tic

FIG. 5. (Color online) Depletion of the control field during the storage and retrieval of the VOS. (a) Evolution of |€2,, 7| (blue solid line),
|22 79| (red dashed line), and |2, 79| (green solid line) as functions of # and z in the soliton regime. (b) Corresponding atomic coherences o3
and 0,3 as functions of z and 7. The lines from 1 to 6 in each panel correspond to z = 0, 2 cm, 4 cm, 6 cm, 8 cm, and 10 cm, respectively.
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soliton regime the probe pulse can be written as the form,

oy [alsech[ (= ) + 28], for 1 <Tor,
8
Qpl(z’t) ~ O’ for Toff g t < Ton’ (18)
L[| WKy Aoy _ 2 Boz,i(d1+¢0)
|WHW22 |sech[ o (t Vg) + ]e 1) for  t > Top,
?10\/ AWI:;Z” \/| Ky }sech - )+ Iz—(’[f]ei¢2, for 1 < Tof,
Qpo(z,1) & for  Tor < ¢ < Ton, (19)

\/| A K12W22 _
W17K22

where ¢ = Kz + Bo| K |(t — 2/ V) /(AoK1270) — (2/Lp)
(AJK?, — B3K3,)/(2A] |K22|K12) ¢r = Koz + Bo(t —
2/ Vg)/(Agto) — (Z/LD)(A — Bz)/(ZAO) ¢o is a constant
phase factor and Ay, By are also free parameters. Thus the
result numerically found in Fig. 3(b) can be well explained.

The behavior observed numerically in Fig. 4(b) can be
understood as follows. Before and after the storage of the
VOS, the theoretical approach presented in Sec. III can
be used. By the result given by Eqgs. (Cla) and (Clc), we have
o3~ Q;l and o3 ~ Q’;z. Thus before and after the storage
both o3 and 0,3 have forms similar to solitons because Q’;l
and €27, are the components of the VOS.

However, in the interval of the storage of the VOS, the
behavior of o3 and oy3 cannot be explained by using the
perturbation theory developed in Sec. III because in this
interval €. is a small quantity. To solve this problem, we turn
to consider the Bloch Eq. (2) directly. Since d3031, d30732,
Q,105, and Q0,5 are small, by Eqgs. (Alf) and (Alg) we
obtain

i 80’31 (20)
Oy ~ ————, a
“ Q* ot
i 30’32
N - 20b
o4 o or (20b)
In addition, by Eqgs. (A1h) and (A1i) we have
O L0y (21a)
N — - — ) a
031 2Q. 8t 41 | 041
Qp 1 ]
~— ——\i—+d 21b
o032 . < o + 42)042 (21b)
Substituting Eq. (20) into Eq. (21) we obtain
1 Qpl * 1 0 . do13
= —— — [ = 4igr )| =
o3 2( szc> |QC|2(81‘ i ‘“) ot
1/Qm\"
N —— 22
(5) @2
1 sz * 1 0 . 80'23
= —— _—| — d* [—
o2 2( sz> |QC|2(8t + 42) ot
1/2,\"
— (=) . (22b)
2\ Q.

Consequently, 013 and 0,3 are nonzero if the ratios 2,1 / 2.
and €2,/ €2, can keep finite values. This can be realized by

[?_S(t _ %) + g_(f]ei(¢2+¢0)’ for

t > Ton,

(

adiabatically decreasing 2., by which the values of €2, and
2, also become zero with the same rate during the storage.

One can also understand this point from the viewpoint of
dark states. Since our tripod system has two dark states (7a)
and (7b), it starts from these two dark states in the optical
excitation. Notice that the dark states (7a) and (7b) can be
written as the form,

|D1) = Q[|1)
|D2) = €2[]2)

— (82,1/82)13)],
— (£2,2/€20)13)]

(23a)
(23b)

thus the system can keep in these two dark states when o3 and
073 have nonzero values during the storage.

We now turn to consider Fig. 5(a). Since the control field
has small depletion before and after the storage of the VOS,
we solve Eq. (4c) by using the perturbation expansion,

Q=0 +eQV +2QP + .., 24)

which is valid for the time interval before and after the
VOS storage where the leading order of Q. (i.e., ) has
a large value. Substituting the expansion (24) into Eq. (4c)
and solving the equations for Q¥ (I = 0,1,2,...), we obtain
the following conclusions: (i) QEO) is a constant, which
corresponds to the horizontal line in the upper part of Fig. 5(a).
(i) Q(Cl)(t,z) = Q(Cl)(t — z/c) describes a small hump close to
the (green solid) horizontal line on the upper part of the figure,
which propagates with velocity c. The concrete form of Q(V
relies on the initial condition (iii) SZEZ) satisfies the equation

i0Q® /97 = —K34a43 We obtain

Ve K» | o 2 1 Z
QP ~ —ikgy—L =2 (a + a2 ) tanh | — (1 — =) |,
70 sz( a1 432) 7o Ve

(25)
which contributes a hole to the horizontal (green solid) line on
the upper part of Fig. 5(a). Physically, the appearance of the
control-field depletion is due to the energy exchange between
the control field and the probe field via the atomic ensemble
as an intermediary.

V. STORAGE AND RETRIEVAL OF N-COMPONENT
OPTICAL SOLITONS

The theoretical approach presented above can be gener-
alized to a (N + 1)-pod system with N independent probe
pulses (N > 2). Figure 6(a) shows the energy-level diagram
and excitation scheme of a (N + 1)-pod atomic system [38].
The N probe pulses (with half-Rabi frequencies Q,, 2o, . . .,
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FIG. 6. (Color online) (a) Energy-level diagram and excitation scheme of the (N + 1)-pod atomic system. The N probe pulses drive,
respectively, the transitions from |g,) <> |h), |g2) <> |h), |g3) <> |h), ..., and |gn) <> |h); one continuous-wave control field drives the
transitions from |h) <> |e). (b) Storage and retrieval of three-component optical soliton in the quadric-pod system. Evolution of €2, 7o| (blue
line), |2, 79| (red line), and |€2,37¢| (green line) as functions of z and 7, with 2,,(0,¢) = 8sech(t/7) (I = 1,2,3). (c) The atomic coherences
O, (blue line), o,,, (red line), and o,,, (green line) as functions of distance z and ¢ during the storage and retrieval of the three-component

optical soliton.

and €2,n) drive, respectively, the transitions from |g;) < |h),
|g2) <> |h),|g3) <> |h),...,and |gy) <> |h); one continuous-
wave control field (with half-Rabi frequency €2.) drives the
transitions from |h) <> |e). One can obtain N dark states and
N branches of linear dispersion relation, and hence the system
allows N electromagnetically induced transparency (NEIT).
Based on the NEIT one can derive N coupled NLS equations
and found N coupled soliton solutions, and then discuss the
storage and retrieval of the N-component optical soliton.

For simplicity, we consider here a quadri-pod system
(N = 3). Following a similar procedure developed in Sec. III,
we can obtain three dark states and three branches of the
linear dispersion relation of the system. It is easy to show
that the system admits triple electromagnetically induced
transparency (TEIT) when the control field is strong. That is to
say, when the TEIT occurs each of Im(K;) (j = 1,2,3) opens
an EIT transparency window at almost the same position.
Additionally, the envelopes of the three probe pulses travel
with ultraslow group velocities which are matched well due to
the symmetry of the system.

We can also derive the equations for the envelopes F; of the
half-Rabi frequencies 2, (I = 1,2,3) by using the method of
multiple scales. The result reads

OF, 1 3’F
Pl N it
272

oz — (Wi |Fy[Pe 22
2
+Wia| By e72%% + Wis| F3 e %) F =0,

R 1 °F 5 g
i— — —Kpy——= — (Way | Fy|?e 20122
0, 2 2 Y (Wa1 | Fi
+ W | B> [Pe 2% + Was| F e >*2)F, = 0,
aF; 1 8%F; g
i— — — — (Wy | Fy|Pe 202
o5, 2fk® o2 (W31 | F1]

+ Wl B Pe 72022 + Wy B3P *2%2) Fy = 0,

where K, = 82K1/w2,o71 =em(K) (I = 1,2,3), W, Wi
J # 1) are SPM (CPM) coefficients. Their explicit expressions
are omitted here. We stress that in order to have a significant
interaction between different components the detunings for all
the lower levels should be taken small.

At TEIT condition, imaginary parts of the coefficients in the
above envelope equations are small compared with their real
parts. Thus at leading order these equations can be reduced to
three coupled NLS equations and a three-component soliton
solution can be obtained analytically [36]. All components
in such soliton have nearly the same, ultraslow propagating
velocity and ultralow generation power. Due to the existence
of the three dark states, they can also be stored and retrieved
by adiabatically manipulating the control field.

Figure 6(b) shows the evolution of [2,7o| (blue line),
|2)270| (red line), and [€2,379| (green line) as functions
of the distance z and time ¢, with €,,(0,t) = 8sech(t/g)
(I = 1,2,3). The system parameters have been chosen to work
in the soliton regime with a balance between dispersion and
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nonlinearity. We see that all |2,;70| (! = 1,2,3) evolve first
into a solitonlike pulse before the storage; later on they are
stored in the atomic ensemble with Q,; (! = 1,2,3) when Q.
is switched off; then they are retrieved when €2, is switched
on. The retrieved pulses have nearly the same wave shapes as
those before the storage. We see that it is indeed possible to
realize a robust memory of three-component optical solitons
in the system.

Figure 6(c) shows the result of the atomic coherences o,
(blue line), o,,, (red line), and o, (green line) as functions of
z and r. We see that the atomic coherences have nonzero values
during the storage of the three-component optical soliton.
A similar theoretical explanation on these numerical results
presented here can also be given as done in Sec. IV C.

Note that for the storage and retrieval of the N-component
optical pulses one cannot assign N components with different
polarizations by using a single probe field. The reason is that
a single probe field has only two independent polarizations
(which can be used to realize the vector optical solitons and
their storage and retrieval as analyzed in Secs. III and IV).
In general, for the (N + 1)-pod system one can choose
N different probe fields having different polarizations, as
considered in Refs. [38,39].

J

PHYSICAL REVIEW A 91, 023820 (2015)

VI. SUMMARY

We have proposed a scheme to realize storage and retrieval
of two-component optical solitons in a coherent atomic system.
The system we have considered is a cold, lifetime broadened
four-level atomic gas with a tripod configuration working at the
condition of DEIT. We have shown that due to the existence
of the two dark states, the optical absorption of the probe
pulse can be largely reduced. In addition, the two orthogonal
polarization components of the probe pulse with a form of
VOS cannot only be slowed down substantially but also be
stored and retrieved robustly by switching a control laser
field off and on. We have also shown that it is possible to
achieve a memory of the N-component optical soliton by
using the N dark states in a (N + 1)-pod system (N > 2).
The results reported here may have promise in applications for
high-fidelity light information processing in a weak nonlinear
regime.
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APPENDIX A: DETAILED EXPRESSION OF THE BLOCH EQUATION

Under electric-dipole and rotating-wave approximations, the equations of the motion for the density matrix elements o; in

the interaction picture are

{0 . ¥
l(& + Ij31>011 —i(T13033 + T'14044) + 21041 — Qproy; =0, (Ala)
i3, + o Jooo — i(I'23033 + I'oa0us) + §2),040 — 200y, = 0, (Alb)
{9 , . . . .
i\5; + '3 )o3z —il31011 — il'32000 — i'34044 + Q043 — Qe0y3 =0, (Alc)
1 5 + Iy Jous + Qp1(741 + Qp2(742 + QC(T43 - Qp10’41 - QP20'42 - 96043 =0, (Ald)
15 +d21 021 +Qp2041 —Qp10’42 =O, (Ale)
i +d31 o3 + Qiosr — Q1045 =0, (A1)
io +d3 |oz + QLoay — Qo =0, (Alg)
)
i +da1 Jour + Qp1(o11 — 044) + Q2021 + Q.03 =0, (Alh)
.0 . .
io +dyp |ogz + Qp2(022 — 044) + Qp105; + Q032 =0, (Ali)
.0 . . .
io + dsz Jouz + Q033 — 044) + Q1037 + Qppo3; =0, (A1)

where Q1 = (é_ - p1a)E,- /1 (R2p2 = (€4 - P24)E,+ /1) is the half-Rabi frequency of the £,- (£,+) component of the probe field;
Q. = (& - p34)E./h is the half-Rabi frequency of the control field, with p;; the electric dipole matrix element associated with
the transition between |j) and |i); d;; = A; — A; +iyj;, with the population decay rates and coherence decay rates defined,
respectively, by I'; =, Tj; and y;; = (I + T';)/2 + )/,-3»01. 14, a4, and a4 are, respectively, the spontaneous emission

i<j
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decay rate from [4) to [1), |4) to |2), and |4) to |3). I'13, ['31, I'23, and I'sy are, respectively, the rates of incoherent population
transfer between |3) and |1), and between |3) and |2) [16].

The model given above can be easily realized by selecting realistic physical systems. One of them is the D2 line of 3’Rb
atomic gas with the energy levels selected as [37]

1) = 57810, F = Lmp = 1), [2) = |5*Si2,F = Lmp = —1), (A2)

13) = [5°S1/2,F = 2,mp =0), |4) =|5*P3)p,F =2,mp = 0),
I',/2m ~ 6.06 MHz, T';/2m = 3200 Hz,

Va1 Xy A a3 ~ 18.8 MHz, y31 & y3 &~ 1000 Hz. (A3)
[
APPENDIX B: EXPRESSIONS OF THE COEFFICIENTS i Q*a(l) —(w4+d a(l) 9 )
IN EQ. (5) o = [Qeas’ — (@ + dias/] 2 Fe,  (DIb)
Dy oty
11 i[Qcdy) — (@ +dsal)] o .
X =i(C3+3) + Q2 — — — ), Bla 5@ — 31 al % g (Dle
1 =i(I3 + I31) + [€2] <d43 dfg) (Bla) 41 D, el (Dlc)
. 1 1 i[al) —(w+dn)all s .
X, =i(F3+T3)+ |QC|2<— - —*), (B1b) o = Qe — ¢ 2)ay | — Fe'®”, (D1d)
diz  djs D, oh
1 1 e () W
Xy = i(Ty + M) + 2|QC|2<— - —*), (Blc) 0@ i[Qeaz) — (0 +dn)ay, ] ineiez’ (Dle)
d43 d43 42 Dz 8tl
I's—-r 1 1 2) 2 2 —2a 2 2 —2arz
Gl:irl3+%[r3+i|gc|2<d__d_*>:|* (B1d) o) = aj|Fil"e ™% +ayp [ Te ™0, (D1f)
4 43 _ .
Iy T - o) = aQIFPe % al | BPe 2, (DIg)
. 23—y . _ _
= _ . _—— 2) 2) 2 —2az 2) 2 —2a,7
G2 =iln + X4 [F3 i (d43 df3)i|’ (Ble) oy = ag Pl +ag,| e ™%, (Dlh)
. ?2) ?2) 2 —2az 2 2 2@z .
(T3 — )X 0,7 = a7 | F1]7e” % 4+ a0 | Fr|“e™ “%%2, D1i
Jiy = i(Cs) + Tps) — T3 14) L (BID) ' 43 1l F1l sl 2l (D1i)
X4 with
. i3 =X H(Fore H(Fiae
Jp =il — —2 72 X el (Blg) o I '(F‘}4FZ4) - Jzz[—'(rl}f”)cl — Ai]
4 an = )
. IJin — Ju /.
Joy =il3 — M, (B1h) J i<r23—r24>él IZB ! J22 C, iC13-T10)
N X4 a(2) _ 12[ X4 2= 2] — J22L2 X4
J (T3 + Tys) i(Ty — )Xo B1i) 12 JoJio — Jidn ’
=1 -_——_— 1 . .
22 32 23 X, o JZI[I(FBX—FM)CI o Al] — JCy l(rzsx—r24)
a — 4 4 ,
2 JoJi — Jidn
APPENDIX C: THE FIRST-ORDER SOLUTION {(Cis=T14) {(Tys—T4)
40 InCr==5— — J11[—‘X4 C — Bz]
22 = ,
M Qj(ol(?) — aﬁ)) + (w+ d41)0:3(0)F i, o1 Jo1Ji2 — Jindn
o3 = — ) e, (Cla) Ci— Xa? — X,q?
1 e 1411 — A2dy
0 0 0 441 = ,
o o+ d31)(al(]) — 024)) + Qccrfé )F i, Clb X4
oy = D ie”,  (Clb) Cr — X1a? — X,a?
1 aﬁ)z _ —t2— Aidyyp — A2y
©0) (] 0) ’
a Qi (03 —04y) + (@ +du)oy Fel®  (Cl X4
%2 =T D, 2, (Clo) @ 1 @, @ @)
o o 0) Q3 = @+ dn) Qc(ay)) + ayy) +2a4y)
o _ (0 +d3)(0y) — 0uy) + Q2045 Foel® (Cl1d) o o ©
2 = D, o +QC(011 _‘744)"‘(‘0"“1:1)043 i|
. ) Dy ’
with other o, = 0. !
2 2) 2 2
Ayzp = m [Qc (9112 +ay, + 2a442)
APPENDIX D: THE SECOND-ORDER SOLUTION © © ©
+ Q0(022 — Oyy ) + (0 +d}5)oy; :|
1 . . ,
oY = —(afél)Fle’G‘ - Uﬂ)Fz*e’“%), (Dla) D3

o+ dy
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where
@+ — o)+ 2l @+ diol — o) + 2ol
1 D, D ,
@+ (o — o) + 2l @+ diol — o) + 2ol
2 D, D; ,
0 0 0 0 0 0
Ci = |Qc|2(‘71(1) - 0454)) + Qc(w + d41)04( : _ |Qc|2(‘71(1) - 0454)) + Qi(w + dil)az§3)
1= D, D} ,
0 0 0 0 0 0
C = |Qc|2(‘72(2) - ‘7454)) + Qc(w + d42)0Z3( : _ |Qc|2(‘72(2) - ‘7454)) + Qi(w + dikz)‘74§3)
o D, D} '
APPENDIX E: EXPLICT EXPRESSIONS OF W;, IN EQ. (8)
w+d a(2) _a(Z) +Q a*(Z)
Wy, = —/(14( 31)( 111 441) cdy3] ’ (Ela)
D,
w+d a® —a? + Q a’? +(w+d al?
Wy, = —K14( 31)( 112 442) ct432 ( 31) 21 ’ (E1b)
D,
w+d a? — g2 + Q a? +(w+d al?
Wy, = _K24( 32)( 222 442) cllyz; +( 32)dy, ’ (Elc)
D,
w+d a(2) _a(2) +Q a*(2)
Wy = _K24( 32)( 221 441) cy3 ’ (E1d)
D,
h 2 _ d* ) D¥ — d* 0) D* d
where a,; = ((w + d3,)0,, /D5 — (0 +d5))o, /D) /(@ + day).
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