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The particle-number fluctuations originated from collective excitations are investigated for a three-
dimensional, repulsively interacting Bose-Einstein condensate~BEC! confined in a harmonic trap. The contri-
bution due to the quantum depletion of the condensate is calculated and the explicit expression of the coeffi-
cient in the formulas denoting the particle-number fluctuations is given. The results show that the particle-
number fluctuations of the condensate follow the law^dN0

2&;N22/15 and the fluctuations vanish when
temperature approaches the BEC critical temperature.
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The remarkable experimental realization of Bose-Einst
condensation in trapped, weakly interacting atomic gases
stimulated intensive theoretical and experimental resear
on Bose-Einstein condensed gases@1#. In particular, much
attention has been paid to the study of the particle-num
fluctuations of Bose-Einstein condensates~BECs! @2#. This is
mainly due to the fact that the particle-number fluctuatio
play a central role in the understanding of the statisti
properties of BEC. In addition, the particle-number fluctu
tions of a condensate may result in the fluctuations of che
cal potential and thus lead to the phase diffusion of cond
sate @3#. Therefore, the study on the particle-numb
fluctuations of BEC is not only of an intrinsic theoretic
interest but also useful to understand and control the co
ent property of BEC. On the other hand, a clear theoret
understanding will be helpful to guide a direct experimen
observation on the particle-number fluctuations in a BEC

Up to now there exist a lot of theoretical works explorin
the property of the particle-number fluctuations in BECs.
an ideal Bose gas the particle-number fluctuations^dN0

2&
[^N0

2&2^N0&
2 have been studied rather thoroughly in a h

mogeneous case~e.g., in a box! @4# and an inhomogeneou
case~e.g., in a trap! @5#. The role of interatomic interaction in
the particle-number fluctuations is an important theoret
problem and hence intensive theoretical investigations h
been given@2,6–16#. The behavior of the particle-numbe
fluctuations is described by the value of the powerg in the
expression̂dN0

2&;Ng with N being the total number of par
ticles. References@6,7,13# give the result ofanomalousfluc-
tuations withg54/3, while Ref.@9# argues that the fluctua
tions should be normal withg51.

For the temperature far below the critical temperature
BEC, the collective excitations created from condensate p
an important role in the particle-number fluctuations. T
physical reason is that due to the interatomic interaction
creation of the collective excitations induces a change of
particle number in the condensate. In the last few years,
particle-number fluctuations originated from collective ex
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tations have been studied for three-dimensional~3D!
@6–8,13,14# and 2D @15# weakly interacting Bose-Einstein
condensed gases. In a pioneering work by Giorginiet al. @6#,
the particle-number fluctuations are investigated within a
ditional particle-number-nonconserving Bogoliubov metho
Kocharovskyet al. @7# extended the results of Ref.@6# by
using a particle-number-conserving operator formalism. T
scale behavior of the interacting condensate in a box
investigated in Ref.@8# with an arbitrary atomic interaction

For a Bose-Einstein condensed gas confined in a magn
trap, the total number of particlesN of the system is con-
served and hence a canonical ensemble is appropriate t
vestigate the particle-number fluctuations in the condens
Directly from the canonical partition function of the syste
and by using a developed saddle-point method, a system
approach was proposed by the present authors@13–16# for
investigating the role of collective excitations on the partic
number fluctuations. Within the canonical ensemble a g
eral method has been given recently for studying the ther
dynamic properties of Bose-Einstein condensed gases b
on the calculation of the probability distribution functio
Refs. @13,14#. In Ref. @15#, the theory in Refs.@13,14# is
developed to calculate the particle-number fluctuations
to collective excitations by including the effect of quantu
depletion.

For a 3D Bose-Einstein condensed gas confined in a m
netic trap, although the effect of the quantum depletion
condensate is discussed by Giorginiet al. @6# within the
particle-number-nonconserving Bogoliubov approach,
plicit expression in the formula denoting the particle-numb
fluctuations by the quantum depletion is not provided. In
present work, we shall carefully calculate the partic
number fluctuations due to collective excitations within
canonical ensemble. We take into account the effect of qu
tum depletion and finite size of the condensate.

We first give a brief description for the method develop
in Ref. @15# . For a condensate confined in a 3D magne
trap, the collective excitations generated from the conden
can be described by three quantum numbersn ~the number of
©2003 The American Physical Society01-1
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radial modes!, l ~the magnitude of the total angular mome
tum!, and m ~the z component of the angular momentum!.
Assuming thatNnlm

B is the number of the collective excita
tions indexed by the quantum numbersnlm and N0 is the
number of particles in the condensate, the canonical parti
function of the system takes the form

Z@N#5( 8 expF2bS E01 (
nlmÞ0

Nnlm
B «nlmD G , ~1!

where the prime in the summation represents the condi
that the total number of atoms in the system should be c
served within the canonical ensemble,E0 is the energy of the
condensate which can be regarded as a ground-state e
of the system. Using the Bogoliubov theory@17,18# and a
saddle-point method developed in Refs.@13–15#, for the
temperature below the BEC critical temperature the norm
ized probability distribution function reads@15#

Gn~N,N0!5AnexpF2
~N02N0

p!2

2J G , ~2!

whereAn is the normalization constant andN0
p is the most

probable value of the atomic number in the condensate.
quantityJ is given by

J5 (
nlmÞ0

F S E unlm
2 dV1E vnlm

2 dVD 2S kBT

«nlm
D 2

12S E unlm
2 dV1E vnlm

2 dVD E vnlm
2 dVS kBT

«nlm
D

1S E vnlm
2 dVD 2G , ~3!

where unlm , vnlm , and «nlm ~the energy of the collective
modenlm) are determined by the following coupled equ
tions:

S 2
\2

2m
,21Vext~r !2m12gn~r ! Dunlm1gn0~r !vnlm

5«nlmunlm , ~4!

S 2
\2

2m
,21Vext~r !2m12gn~r ! D vnlm1gn0~r !unlm

52«nlmvnlm , ~5!

where Vext(r ) is the external potential confining the Bos
gas,m andg are, respectively, the chemical potential of t
system and the coupling constant;n(r ) and n0(r ) are the
density distributions of the Bose gas and the condens
respectively.

For temperature far below the critical temperature,
haveN0

p@1. In this situation, from Eq.~2! the fluctuations of
the condensate contributed from the collective excitations
given by

^d2N0&5^N0
2&2^N0&

25J. ~6!
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For Eqs.~4! and ~5!, unlm andvnlm can be approximated a
@19#

unlm'2vnlm' iAgn0~r !

2«nlm
xnlm . ~7!

For a Bose gas confined in an isotropic harmonic poten
with angular frequencyv, xnlm and«nlm(5\vnlm) are de-
termined by the eigenequation

2
v2

2
“•@~R22r 2!“xnlm#5vnlm

2 xnlm , ~8!

whereR is the radius of the condensate, determined by
chemical potentialm of the system throughm5mv2R2/2. In
Eq. ~8!, vnlm andxnlm are found to be@20#

vnlm5v~2n212nl13n1 l !1/2, ~9!

and

xnlm5AnlPl
(2nt)S r

RD r lYlm~u,w!Q~R2r !, ~10!

where Anlm is the normalization constant determined
* uxnlmu2dV51 and Q(x) is a step function. In Eq.~10!,
Pl

(2n)(x)5(k50
n a2kx

2k is a polynomial with coefficients sat
isfying the recurrence relationa2k1252a2k(n2k)(2l
12k12n13)/(k11)(2l 12k13) with a051.

With the above formulas we now calculate the partic
number fluctuations in the condensate. Substituting
above results into Eqs.~3! and ~6!, we obtain the particle-
number fluctuations due to collective excitations:

^d2N0&5R11R21R3 , ~11!

where

R15l1S m

\v D 2S kBT

\v D 2

, ~12!

R25l2S m

\v D 2 kBT

\v
, ~13!

and

R35
l3

4 S m

\v D 2

. ~14!

The coefficientsl1 , l2 , l3 are given by

l15 (
nlÞ0

~2l 11!qnl
2

~2n212nl13n1 l !2
,

l25 (
nlÞ0

~2l 11!qnl
2

~2n212nl13n1 l !3/2
,

l35 (
nlÞ0

~2l 11!qnl
2

~2n212nl13n1 l !
, ~15!
1-2
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with

qnl5

E
0

1

~12x2!@Pl
(2n)~x!#2x2l 12dx

E
0

1

@Pl
(2n)~x!#2x2l 12dx

. ~16!

The factor (2l 11) in l1 , l2, and l3 is due to the (2l
11)-fold degeneracy of the angular momentum. The
merical results of the above parameters arel150.47, l2
50.94, l354.96. Note that the coefficients in the particl
number fluctuations of the condensate are different from
result given in Refs.@6,13#.

In Eq. ~11!, R1 is the leading term of the particle-numb
fluctuations, whileR3 shows the particle-number fluctua
tions due to the quantum depletion of the condensate w
do not vanish even at zero temperature.

For the Bose-Einstein condensed gas in the harmonic
tential, the chemical potential is given by

m5
\v

2 S 15N0a

aho
D 2/5

, ~17!

with a being thes-wave scattering length andaho5A\/mv
the harmonic-oscillator length. Using the expression of
critical temperature of an ideal Bose gas,Tc

05
\v@N/z(3)#1/3/kB , and introducing the dimensionless p
rameterst5T/Tc

0 ands5a/aho , we obtain the leading term
of R1:

R150.91t2~12t3!4/5s4/5N22/15. ~18!

We see that the leading term of the particle-number fluct
tions in the condensate exhibits an anomalous behavio
^d2N0&;N22/15.

It is straightforward to obtain the results ofR2 and R3,
which are given by

R251.93t~12t3!4/5s4/5N17/15 ~19!

and

R352.70~12t3!4/5s4/5N4/5. ~20!

We now make some remarks on the results obtai
above:
i-
3

e
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~i! The anomalous behavior of the particle-number flu
tuations of the condensate predicted by Eq.~18! is obtained
when the particle number of the system is finite. In the th
modynamics limit of the Bose gas in the harmonic potent
i.e., letting N→` and v→0 while keepingNv3 constant
@21#, the anomalous behavior of the form̂d2N0&;N4/3

given in Refs.@6,13# can be obtained.
~ii ! Different from the result obtained in Ref.@6# where

only the low-temperature behaviorT!Tc
0 is taken into ac-

count, in the present work the temperature dependence o
fluctuations is valid for the temperature region below t
critical temperature. When the temperatureT approaches the
BEC critical temperatureTc

0 , the particle number in the con
densate approaches zero and hence the fluctuations o
nated from the collective excitations vanish, as shown in
~18!.

~iii ! For a higher temperature the collective excitatio
play only a second role and one must consider the contr
tion from single-particle excitations. The particle-numb
fluctuations contributed by the single-particle excitatio
show the behavior of̂d2N0&;N @13#.

~iv! From Eq.~18!, we see that the confining potential ha
the effect of increasing the particle-number fluctuations. I
easy to know from Eq.~18! that R1;v2/5.

In conclusion, we have investigated the particle-num
fluctuations originated from collective excitations in a thre
dimensional, repulsively interacting Bose-Einstein cond
sate confined in a harmonic potential. We have carefully c
culated the contribution to the fluctuations due to t
quantum depletion and provided the explicit expression
the coefficient in the formulas denoting the particle-numb
fluctuations. Our results show that the particle-number fl
tuations of the condensate due to the collective excitati
display an anomalous behavior of the form^dN0

2&;N22/15.
When T→Tc

0 such fluctuations approach to zero and hen
the fluctuations due to single-particle excitations beco
dominant. It is possible that the anomalous behavior p
dicted in this work could be observed experimentally
means of, e.g., the scattering of short and nonresonant
pulses on a BEC@22#.

This work was supported by NSFC under Grant No
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