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We investigate the dynamical behavior of large-amplitude collective modes in a superfluid Fermi gas in the
crossover from Bardeen–Cooper–Schrieffer �BCS� superfluid to Bose–Einstein condensate �BEC� based on a
hydrodynamic approach. We first solve the superfluid hydrodynamic equations that describe the time evolution
of fermionic condensates in the BCS-BEC crossover and calculate explicitly the frequency shifts of the
collective modes induced by nonlinear effects using the Lindstedt–Poincaré method. The result shows that the
frequency shifts display different features in different superfluid regimes. We then study the second-harmonic
generation of the collective modes under a phase-matching condition, which can be fulfilled by choosing
appropriate parameters of the system. The analytical results obtained are checked by numerical simulations and
good agreement is found.
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I. INTRODUCTION

In recent years, much attention has been paid to the study
of the crossover from Bardeen–Cooper–Schrieffer �BCS� su-
perfluid to Bose–Einstein condensation �BEC�, a topic not
only of fundamental interest in condensed matter theory but
also closely related to the understanding of physical mecha-
nism for high-Tc superconductivity.1–4 Ultracold quantum
degenerate gases of fermionic atoms �such as 6Li and 40K,
and 173Yb�5 with tunable interparticle interaction offer an
excellent opportunity for deep exploration on the property of
BCS-BEC crossover in a controllable way. Experimentally,
condensed fermionic atomic pairs in the regimes of BEC,6

BCS,7 and their crossover8 have been observed and their
various superfluid properties have been investigated in detail
recently by using a magnetic-field-induced Feshbach
resonance.4

At low temperature, collective modes are most important
excitations that can be used to characterize dominant physi-
cal property of system. Since the successfully experimental
realization of fermionic condensates, considerable interest
has focused on the study of the collective modes in ultracold
quantum degenerate Fermi gases. By means of the Feshbach
resonance, the interparticle interaction, characterized by
s-wave scattering length, can be tuned from large positive to
large negative values, providing a possibility to investigate
the nonlinear nature of collective modes in various superfluid
regimes. However, to the best of our knowledge, up to now
all works on the collective modes in superfluid Fermi gases
in the BCS-BEC crossover have concentrated mainly on
their linear behavior.4,9–30 It is necessary to consider nonlin-
ear effects of collective modes when large-amplitude oscilla-
tions in fermionic condensates are created. In this work, by
directly generalizing the work of Dalfovo et al.31 for bosonic
condensates, we investigate the nonlinear dynamics of super-
fluid Fermi gases from BCS superfluid to Bose–Einstein con-
densation based on a simple superfluid hydrodynamic

approach.23–30 We are interested in especially specific fea-
tures of frequency shifts and resonant mode couplings of the
collective modes in a fermionic condensate due to the non-
linear effect of the system.

This paper is organized as follows. In Sec. II, we give a
simple introduction to the superfluid hydrodynamic equa-
tions valid in the whole BCS-BEC crossover and present the
solutions of linear collective modes of the system. In Sec. III,
by using the Lindstedt–Poincaré method, we make an ex-
plicit calculation on the frequency shifts of the collective
modes induced by nonlinear effects and discuss their physi-
cal properties in different superfluid regimes. In Sec. IV, we
study the second-harmonic generation �SHG� of the collec-
tive modes under a phase-matching condition, which can be
fulfilled by choosing suitable parameters of the system. We
provide also numerical simulations on the second-harmonic
generation in different superfluid regimes and good agree-
ment with analytical result is found. Finally, we summarize
our main results in Sec. V.

II. LINEAR COLLECTIVE EXCITATIONS

A. Superfluid hydrodynamic equations

Consider a superfluid Fermi gas in which fermionic atoms
have two different internal states and the atomic numbers for
both the internal states are equal. By means of the Feshbach
resonance, a crossover from BCS to BEC regimes can be
realized through tuning an applied magnetic field, and hence
changing the s-wave scattering length as. When as�0
�as�0�, the system is in a BCS �BEC� regime. By defining a
dimensionless interaction parameter ��1 / �kFas�, where
kF= �3�2n�1/3 is Fermi wave number with n being the atomic
density, one can distinguish several different superfluid
regimes,23–30 i.e., BCS regime ���−1�, BEC regime
���1�, and BCS-BEC crossover regime �−1���1�.
�=−� ��= +�� is called BCS �BEC� limit and �=0 is called
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unitarity limit. Both theoretical and experimental studies
show that the transition from the BCS regime to the BEC
regime is smooth.2,4 Thus, one can study the physical prop-
erty of the system in various superfluid regimes in a simple
and unified way.

There are several theoretical approaches for the study of
collective modes in superfluid Fermi gases in the BCS-BEC
crossover. One of them is microscopic theory, in which
single-channel �Fermi-only� or two-channel �Fermi–Boson�
model Hamiltonians with Fermi or Fermi–Boson degrees of
freedom are used �see Refs. 2 and 4 and references therein�.
However, because in most experiments superfluid Fermi gas
is confined by a trapping potential, the inhomogeneous char-
acter of the system makes the microscopic approaches diffi-
cult. Notice that at very low temperature �around 10−8 K�,
low-energy collective modes cannot decay by formation of
single fermionic excitations because of the gap in their en-
ergy spectrum. Thus, thermal excitations play no significant
role and the system can be taken as a perfect superfluid. In
this situation, the dynamics of the collective excitations in
the system can be well described by macroscopic superfluid
hydrodynamics,23–30 whose theoretical treatment is relatively
simple and direct in comparison with the microscopic ap-
proaches.

The macroscopic dynamics of the superfluid at zero tem-
perature is governed by the hydrodynamic equations4

�n

�t
+ � · �nv� = 0, �1a�

m
�v

�t
+ ��1

2
mv2 + ��n� + Vext�r�� = 0, �1b�

where v is superfluid velocity, m is atomic mass, and Vext�r�
is a harmonic trapping potential. The equation of state �also
called bulk chemical potential� under a local density approxi-
mation has the form ��n�=��n��n�� /�n, where ��n� is the
bulk energy per particle. Introducing ��n�= �3 /5��F����,
with �F=	2kF

2 / �2m� being Fermi energy, one obtains24–30

��n� = �F����� −
�

5

�����
��

� . �2�

The function ���� can be obtained by fitting the data by
Monte Carlo calculations.32,33 An explicit expression for 6Li
has been provided in Ref. 24. Usually, as a function of n, the
expression of ��n� is very complicated, which prevents us
from obtaining analytical results for the dynamics of the sys-
tem. A simple approach is to take a polytropic approxima-
tion, i.e., ��n��n
,18,23–30 with


 = 
��� =
n

�

��

�n
=

2

3
���� −

2�

5
����� +

�2

15
�����

���� −
�

5
�����

. �3�

There are two well known limits for the value of the poly-
tropic index 
. One is 
=2 /3 at �→−� �BCS limit�34 and
another one is 
=1 at �→ +� �BEC limit�. The polytropic
approximation has advantage of allowing one to obtain ana-

lytical results for various superfluid regimes in a unified way.
In fact, polytropic approximation is quite accurate math-
ematically because 
 is a slowly varying function of � and
hence widely used in literature.18,23–30

Notice that in the superfluid state all fermions are paired
with the superfluid density ns=n /2 and superfluid velocity
vs=v, where vs= �	 /M���s with �s being the phase of su-
perfluid order parameter and M =2m being the mass of fer-
mionic pairs. With these superfluid variables, Eqs. �1a� and
�1b� can be converted into the form

�ns

�t
+ � · �nsvs� = 0, �4a�

M
�vs

�t
+ ��1

2
Mvs

2 + �s�ns� + Vext
s �r�� = 0, �4b�

with �s�ns�=2��2ns� and Vext
s �r�=2Vext�r�.

B. Ground state and linear collective excitations

We now consider the ground state and linear collective
excitations of a fermionic condensate based on the superfluid
hydrodynamic equations �4a� and �4b�. The ground state of
the system corresponds to �ns /�t=0 and vs=0. Assume
�s�ns�=�0�ns /n0�
, where �0 and n0 are, respectively, refer-
ence chemical potential and pair density, introduced here for
the convenience of later calculation. From Eq. �4�, we obtain
the Thomas–Fermi ground state pair density nsG�r�=n0	��G
−Vext

s �r�� /�0
1/
 if Vext
s �r���G and zero otherwise. Here, �G

is ground state chemical potential. For the harmonic trapping
potential,

Vext
s �r� =

M

2
��x

2x2 + �y
2y2 + �z

2z2� , �5�

where � j is the trapping frequency in the jth �j=x ,y ,z� di-
rection, and by the normalized condition �drnsG�r�=N, we
obtain �G= �N /G0�2
/�3
+2�. Here, G0=2�n0B�3 /2,1 /

+1��8 /M3�x

2�y
2�z

2�1/2 /�0
1/
 and B�3 /2,1 /
+1� is beta func-

tion. Then, the ground state pair density can be expressed as

nsG�r� =
N

2�B�3

2
,
1



+ 1RxRyRz

�1 − � x

Rx
2

− � y

Ry
2

− � z

Rz
2�1/


, �6�

where Rj = �2�G / �M� j
2��1/2 is the characteristic radius of the

condensate in the jth direction.
The shape oscillation of the condensate can be described

by assuming the time-dependent pair density

ns�r,t� =
N

2�B�3

2
,
1



+ 1Rx�t�Ry�t�Rz�t�

�1 − � x

Rx�t�
�2

− � y

Ry�t�
�2

− � z

Rz�t�
�2�1/


, �7�

with Rj�t�=Rjbj�t� and �xj /Rj�t��21. To fulfill the hydrody-
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namic equations �4a� and �4b�, one can set31 vs�r , t�
= �1 /2�� ��x�t�x2+�y�t�y2+�z�t�z2� with the initial condition
bj�0�=1, vs�r ,0�=0, and � j�0�=0. Then, it is easy to show
that the dimensionless spatial width of the condensate bj�t�
satisfies the nonlinear dynamical equation

d2bj

dt2 + � j
2bj −

� j
2

bj�bxbybz�
 = 0, �8�

with � j = �dbj /dt� /bj�j=x ,y ,z�. Equation �8� controls the lin-
ear and nonlinear dynamics of the collective excitations in
the system. The second term of Eq. �10� comes from the
trapping potential, while the third one originates from the
interaction between the fermionic atom pairs.

For an axial symmetric trap with anisotropic parameter
�=�z /�� ���=�x=�y�, Eq. �8� is converted into the simple
form

d2bj

d�2 + � jzbj −
� jz

bj�bxbybz�
 = 0, �9�

where �=��t and � jz= �1+ ��2−1�� jz�, with � jz being Kro-
necker symbol.

The linear excitations of the system can be obtained by
assuming that bj���−1 are much less than unity and propor-
tional to constant�exp�i�̃��+c.c., where c.c. represents
complex conjugate. Then, by solving Eq. �9�, one obtains
readily the following three eigenvalues:16–18

�̃2 �
�2

��

= �2, �10a�

�̃� �
��

��

= �
 + 1 + �


2
+ 1�2 �

1

2
���1/2

, �10b�

where �= �
+2�2�4+4�
2−3
−2��2+4�
+1�2. The corre-
sponding eigenvectors are, respectively, given by

U2 = �1,− 1,0� , �11a�

U� = �1,1,V�� , �11b�

with

V� = ��̃�
2 − 2
 − 2�/
 . �12�

The eigenvector U2, called m=2 mode, describes an oscilla-
tion that has no motion in z direction. It is a quadrupole-type
excitation in the radial �i.e., x and y� directions correspond-
ing to �n , l ,m�= �0,2 , �2�, where n, l, and m are, respec-
tively, principal, angular momentum, and z component of the
angular-momentum quantum numbers when expressing the
eigenoscillation by spherical coordinates. The eigenvector
U+ is called high-lying m=0 mode �corresponding to
�n , l ,m�= �1,2 ,0��, describing an in-phase oscillation along
all directions; while the eigenvector U−, called low-lying m
=0 mode �corresponds to �n , l ,m�= �1,0 ,0��, describing an
oscillation in the z direction that is out of phase with the
oscillation in x and y directions.23–27,30

Figure 1�a� shows the eigenfrequencies of the high-lying
and low-lying m=0 modes as functions of 1 / �kFas� and �.
For clearness and for a comparison with well-known results,

a two-dimensional cross-section diagram of the eigenfre-
quencies as functions of � is shown in Fig. 1�b� for several
different values of 
. The horizontal straight line is the fre-
quency of the m=2 mode �i.e., � /��=�2�. The result for

=1 corresponds to the BEC limit, which was first obtained
theoretically by Stringari35 and lately observed in many
experiments.36–38 From the figure, we see that the eigenfre-
quencies of the high-lying and low-lying m=0 modes depend
strongly on the trapping parameter �. However, they are not
sensitive to the change of the polytropic index 
. However,
we shall show in the next section that frequency corrections
due to the nonlinear effect as functions of 
 �or 1 / �kFas�� are
significant when passing through the BCS-BEC crossover.

In Fig. 1�b�, we have shown by solid vertical straight lines
with arrows the positions where a second-harmonic genera-
tion phase-matching condition �i.e., �̃+=2�̃−� can be satis-
fied, which is given by �= �15�2��130� /16 for 
=2 /3, �
= �5�55��367� /28 for 
=4 /5, and �= �5�10��58� /12 for

=1. We have also shown by the dashed vertical straight
lines with arrows the positions for additional second-
harmonic generation phase-matching condition, i.e., �̃+

=2�̃2, which is given by �=�70 /5 for 
=2 /3, �
=2�187 /17 for 
=4 /5, and �=4�7 /7 for 
=1, respectively.

(a)

(b)

FIG. 1. �Color online� �a� Eigenfrequency � /�� of the high-
lying and low-lying m=0 modes as functions of � and 1 / �kFas�. �b�
The upper �lower� curves represent the high-lying �low-lying� m
=0 mode for different 
. The solid horizontal straight line is the
frequency of m=2 mode. The solid and dashed vertical straight
lines with arrows indicate the positions where second-harmonic
generation processes may occur �for details, see text�. The insets in
�b� show the oscillating patterns of the m=2 mode, the high-lying
m=0 mode, and the low-lying m=0 mode, respectively.
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III. NONLINEAR FREQUENCY SHIFT OF THE
COLLECTIVE MODES

We are interested in the nonlinear dynamics of the collec-
tive modes. We assume that the external perturbation for
generating the collective modes is not too large, so that the
nonlinear response of the system is weak. In this case, one
can apply a weak nonlinear theory to calculate the nonlinear
frequency shift and resonant mode coupling of the collective
modes. We consider first the frequency shift due to a large
amplitude excitation. In order to get the frequency shift in a
systematic way, we apply the standard singular perturbation
method due to Lindstedt and Poincaré.39 Introducing a new
dimensionless time variable T=���t and making the
asymptotic expansion

� = 1 + ���1� + �2��2� + �3��3� + ¯ , �13a�

bj = 1+ j
�1� + �2bj

�2� + �3bj
�3� + ¯ , �j = x,y,z� , �13b�

where � is a small parameter representing the amplitude of
the excitation, Eq. �8� is converted into the form

d2

dT2�bx
�n�

by
�n�

bz
�n� � + �
 + 2 
 



 
 + 2 


�2
 �2
 �2�
 + 2�
��bx

�n�

by
�n�

bz
�n� � = � fx

�n�

fy
�n�

fz
�n� � ,

�14�

where the explicit expressions of f j
�n� �n=1,2 ,3 , . . . � are

omitted for saving space.
The above equations can be rewritten as

L̂bx
�n� = S�n�, �15a�

by
�n� =

1



�− �D2 + 
 + 2�bx

�n� − 
bz
�n� + fx

�n�� , �15b�

bz
�n� = �D2 + 2�2�−1��D2 + 2��2bx

�n� − �2fx
�n� + fz

�n�� ,

�15c�

where

L̂ = D6 + �
 + 2���2 + 2�D4 + 4�
 + 1��2�2 + 1�D2 + 4�3


+ 2��2, �16�

S�n� = �D4 + �
 + 2���2 + 1�D2 + 4�
 + 1��2�fx
�n� − 
�D2

+ 2�2�fy
�n� − 
�D2 + 2�fz

�n�, �17�

with D=d /dT. One can solve bx
�n� from Eq. �15a� and then

get by
�n� and bz

�n� from Eqs. �15b� and �15c�, respectively.
At the leading order �n=1�, one has S�1�=0. The solution

of Eq. �15a� reads

bx
�1� =

B

2
e−i�̃T + c.c., �18�

where B is a constant. One of the eigenfrequencies is �̃
= �̃2 �i.e., the m=2 mode�. In this case, by solving Eqs. �15b�
and �15c�, we have by

�1�=−bx
�1� and bz

�1�=0. The other two
eigenfrequencies are given by �̃= �̃� �i.e., the high-lying and
low-lying m=0 modes� with by

�1�=bx
�1� and bz

�1�=V�bx
�1�. The

property of such eigensolutions has been discussed in the last
section.

We first consider the nonlinear frequency shift for the m
=2 mode. By using the first-order solution given above, one
can obtain S�2�. The second-order equation for the m=2
mode reads

L̂bx
�2� = �3


2
+ 1�2B2 + 8��1�
��2 − 1�Be−i�2T

+ �12�
 + 1� − �9


2
+ 3�2�B2e−i2�2T + c.c.

�19�

Notice that exp�−i�2T� is the eigenfunction of the operator

(a)

(b)

FIG. 2. �Color online� The second-order frequency shifts of �2
�2�

�a� for the m=2 mode and �−
�2� �b� for the low-lying m=0 mode as

functions of � and 1 / �kFas�. The vertical lines in the two-
dimensional cross-section diagram on the right hand side of each
panel are the positions where a second-harmonic generation occurs.

FIG. 3. �Color online� The second-order frequency shift �+
�2� of

the high-lying m=0 mode as a function of � and 
.
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L̂, so the second term on the right hand side of Eq. �19� is a
secular one. Such secular term must be eliminated in order to
make the second-order solution be divergence-free. Thus, we
obtain the condition of eliminating the secular term, ��1�

=0, i.e., the first-order frequency shift is zero. Then, one can
get the explicit expression of divergence-free second-order
solution bj

�2� �j=x ,y ,z� by Eq. �26� and Eqs. �15b� and �15c�
for n=2, which is omitted here for saving space.

At the third order �n=3�, we have

Lbx
�3� = 8
��2 − 1���2

�2�

−
�3
 + 2��2 − 8�
 + 1�

4��
 + 6��2 + 8�
 − 3��
B2�Be−i�2T

+ nonsecular terms + c.c. �20�

Obviously, the requirement of eliminating the secular term in
the above equation results in the second-order frequency
shift

�2
�2��
,�� =

�3
 + 2��2 − 8�
 + 1�
4��
 + 6��2 + 8�
 − 3��

B2. �21�

When 
=1, this general expression recovers the result for
the BEC limit, first found by Dalfovo et al.31

In a similar way, we can calculate the nonlinear frequency
shifts of the high-lying and low-lying m=0 modes. We found
that their first-order frequency shifts are also zero. The
second-order frequency shifts are given by

��
�2��
,�� =

d1 + d2 + d3

16d4	�2�2 + 
��̃�
2 − �3
 + 2���2 − 4�̃�

2 �2�̃�
2 − 
 − 1�


B2. �22�

The detailed expressions of dj �j=1–4� are listed in Appen-
dix A.

From the results �21� and �22�, we obtain the dimensional
oscillating frequencies of the collective modes up to the
second-order corrections

��
col = ���̃��1 + B2��

�2��
,��� , �23�

where �=2 is for the m=2 mode and �=+ ��=−� for the
high-lying �low-lying� m=0 mode.

Because ��
�2� are functions of the trapping parameters �

and the polytropic index 
, the frequency corrections due to
the nonlinear effect display different features for different �
and 
. For illustration, we have shown the frequency shifts
��

�2� as functions of � and 1 / �kFas� in Figs. 2 and 3. For a
comparison with the work by Dalfovo et al.,31 the corre-
sponding cross-section diagrams for several different 
 val-
ues �i.e., 
=1, 4 /5, 2 /3� are also shown. We see that the
frequency shifts possess many interesting features and have
very strong dependence on the trapping parameters � and the
interaction parameter 1 / �kFas�. First, for the m=2 mode and
low-lying m=0 mode, the frequency shifts display diver-
gence behaviors for some � values �see Fig. 2�, which cor-
respond to the appearance of the SHG. In this case, the per-
turbation expansions �13a� and �13b� are not valid anymore
and we must seek a new expansion to solve the nonlinear
dynamical equation �8�. Such situation will be investigated in
detail in the next section. Second, in different superfluid re-
gimes, the positions for the SHG are different. For example,
for the m=2 mode, the SHG occurs at �=�70 /5
��=4�7 /7� for the BCS �BEC� limit, while for the low-lying

m=0 mode the SHG happens at �= �15�2��130� /16 ��
= �5�10��58� /12� for the BCS �BEC� limit, as indicated
already in Fig. 1. Third, the frequency shifts may be positive,
zero, and negative, relying on the values of � and 
. Finally,
the result presented here recovers the special result obtained
by Dalfovo et al.,31 for a condensed Bose gas �
=1�.

In order to understand more clearly the transition behavior
of the nonlinear frequency shifts in the whole BCS-BEC
crossover, in Fig. 4 we have shown ��

�2� ��=2, � � as func-
tions of the interaction parameter 1 / �kFas� by choosing sev-
eral different � values. We see that depending on �, the fre-
quency shifts have very different properties when passing
from the BCS regime to the BEC regime. �i� For the m=2
mode �the upper panel�, the frequency shift is generally
higher in the BEC regime than in the BCS regime; while for
the high-lying m=0 mode �the middle panel�, the behavior is
reversed. �ii� The frequency shift for the low-lying m=0
mode �the lower panel� is very complicated. It may be larger
or smaller in the BCS regime than in the BEC regime, de-
pending on the value of �.

Figure 5 shows the dependence of the collective-mode
frequencies on the parameter B �i.e., the amplitude of the
collective modes� for �=0.1 and several different values of

. One can see that as B increases, the oscillating frequency
of the m=2 mode �the upper panel� increases quadratically,
with its value being smaller in the BCS limit than in the BEC
limit. However, the oscillating frequencies for both the high-
lying �the middle panel� and the low-lying �the lower panel�
m=0 modes are higher in the BCS limit than in the BEC
limit. In particular, the oscillating frequency of the high-
lying m=0 mode in the BEC limit is nearly independent of
the amplitude B �i.e., the horizontal straight line in the
middle panel�.
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IV. MODE COUPLING OF THE SUPERFLUID FERMI GAS

A. Envelope equations and their solutions for second-
harmonic generation

We now investigate the resonant mode coupling due to the
nonlinear interaction between the collective modes of the
system. As indicated in the last section, the divergences that
appeared in the expressions of the second-order frequency
shifts ��

�2� are the signature of second harmonic generation.
In this situation, the asymptotic expansions �13a� and �13b�
are not valid anymore and one must find a new asymptotic
expansion to solve the nonlinear dynamic equation �8� and
�9� to obtain the solutions of second harmonic generation.

We apply the method of multiple scales39,40 to study the
second harmonic generation in the system. We assume bj

=1+ j
�1�+�2bj

�2�+¯, where bj
�n� �j=x ,y ,z� are the functions of

� and �1=�� with �1 being a slow variable characterizing the
time evolution of the envelopes of the collective modes.
Since � and �1 are taken as independent variables, we have
the derivative transformation d /d�=D0+�D1 with D0=� /��
and D1=� /��1.39,40 With these considerations, Eq. �9� be-
comes

L̂1bx
�n� = P�n�, �24a�

by
�n� =

1



�− �D0

2 + 
 + 2�bx
�n� − 
bz

�n� + gx
�n�� , �24b�

bz
�n� = �D0

2 + 2�2�−1��D0
2 + 2��2bx

�n� − �2gx
�n� + gz

�n�� ,

�24c�

with

L̂1 = D0
6 + �
 + 2���2 + 2�D0

4 + 4�
 + 1��2�2 + 1�D0
2 + 4�3


+ 2��2, �25�

P�n� = �D0
4 + �
 + 2���2 + 1�D0

2 + 4�
 + 1��2�gx
�n� − 
�D0

2

+ 2�2�gy
�n� − 
�D0

2 + 2�gz
�n�. �26�

The expressions for gj
�n� �n=1,2 and j=x ,y ,z� are given by

gj
�1� = 0, �27�

gj
�2� = − 2D0D1bj

�1� + � jz�bj
�1�2

− 
�bx
�1�by

�1� + by
�1�bz

�1� + bz
�1�bx

�1��

+



2
�bx

�1� + by
�1� + bz

�1���2bj
�1� + �
 + 1��bx

�1� + by
�1�

+ bz
�1���� . �28�

The leading-order solution of Eq. �24a� reads

bx
�1� =

B��1�
2

e−i�̃� + c.c., �29�

where B is an undetermined function and �̃= �̃� ��=2, � �
are the eigenfrequencies of the collective modes, given by
Eqs. �10a� and �10b�. The expressions of by

�1� and bz
�1� can be

obtained by Eqs. �24b� and �24c�.
From the discussion in the last two sections, we know that

the system may have SHG, which means that even if only
one eigenmode �as fundamental wave� is created initially, a
new oscillating component �as second harmonic wave� will
grow rapidly through an efficient energy transfer between the
fundamental wave and the second-harmonic wave. This effi-
cient energy transfer �i.e., resonant mode coupling� can be
realized in various superfluid regimes under the phase-

FIG. 4. �Color online� Frequency shifts �2
�2� �upper panel�, �+

�2�

�middle panel�, and �−
�2� �lower panel� as functions of the interac-

tion parameter 1 / �kFas� for several different values of the trapping
parameter �.

FIG. 5. �Color online� Dimensionless oscillating frequencies
��

col / ����̃�� ��=2, � � of the m=2 mode �upper panel�, and the
high-lying �middle panel� and the low-lying �lower panel� m=0
modes for �=0.1 and several different 
 values.
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matching condition that may be fulfilled by choosing appro-
priate values of � and 1 / �kFas�, as pointed out in the last
paragraph of Sec. II.

We consider the second-harmonic generation between the
high-lying and the low-lying m=0 modes. Because in the
case of the SHG the fundamental wave and the second-
harmonic wave have the same order of magnitude, we must
take the leading-order solution as

bx
�1� =

B−��1�
2

e−i�̃−� +
B+��1�

2
e−i�̃+� + c.c., �30�

with the phase-matching condition �̃+=2�̃−, where B+ and
B− are two functions yet to be determined.

Using the expression �30�, we can calculate P�2� explic-
itly. Then, by the conditions of eliminating the secular term

in the second-order equation L̂1bx
�2�=P�2�, we obtain

�B−

��1
=

i

2�̃−

J−

I−
B−

*B+, �31a�

�B+

��1
=

i

2�̃+

J+

I+
B−

2 , �31b�

where the expressions of I� and J� are given in Appendix B.
The solutions of Eqs. �31a� and �31b� are well known in

nonlinear optics.41 Let B−= �2�̃+I+W0 /J+�1/2u exp�−i�1� and
B+= �2�̃−I−W0 /J−�1/2v exp�−i�2�; here, W0 is a constant pro-
portional to total initial input power of the collective mode
and �1 and �2 are phase constants; Eqs. �31a� and �31b�
become two coupled differential equations for u and v. It is
easy to show that these equations possess two conservation
laws u2+v2=1 and u2v cos��2−2�1�=C with C being a con-
stant. For the case C=0, one has the solution

B− = �2�̃+I+W0

J+
�1/2

sech�� J−W0

2�̃−I−
1/2

�1�ei�1, �32a�

B+ = �2�̃−I−W0

J−
�1/2

tanh�� J−W0

2�̃−I−
1/2

�1�ei�2�1+�/2�,

�32b�

where �1 is an arbitrary constant. In the general case �i.e.,
C�0�, analytical solutions of Eqs. �31a� and �31b� with the
form of Jacobian elliptic functions can also be obtained,41

which are omitted here.
Shown in Fig. 6 are the results of the time evolution of the

SHG for the case C=0 and the case C=1 /�27 in the BCS-
BEC crossover, respectively. We see that for both cases, the
growth and descent of the second-harmonic component v is
slower in the BCS regime �
=2 /3� than in the BEC regime
�
=1�. Such SHG behavior should be observed experimen-
tally in the superfluid Fermi gas. Note that a beautiful experi-
ment for second-harmonic resonance between �̃+ and �̃− in a
condensed Bose gas �i.e., in the BEC limit� has been carried
out by Hechenblaikner et al.42

We have also made a calculation on the second-harmonic
generation between the m=2 mode and the high-lying m=0
mode �with the phase-matching condition �+=2�2�. The re-
sult obtained is similar and thus omitted here.

B. Numerical study of the second-harmonic generation

In order to check the analytical prediction of the second-
harmonic generation presented above, detailed numerical
simulations are carried out based on the nonlinear dynamical
equation �8�, which describes the time evolution of the spa-
tial widths of the fermionic condensate with the initial value
bj�0�=1. To obtain a significant SHG, the corresponding fun-
damental wave of large enough amplitude must be excited
firstly. One can realize such process by modulating the trap
frequencies � j �j=x ,y ,z� for a period of time and then let the
system oscillate freely under the SHG phase-matching con-
dition. The corresponding numerical simulation is to solve
Eq. �8� by using time-dependent trapping frequencies with
the form � j

2�t�=� j
2�1+2kj�t��, where kj�t� is an appropriate

sinusoidal function within a finite time interval.
We assume kj�t� �j=x ,y ,z� take the form

kx�t� = ky�t� = A���Td − t�sin �dt , �33a�

kz�t� = Az��Td − t�sin �dt , �33b�

where � is Heaviside step function, Td is the drive time, and
A� and Az are drive amplitudes. The drive frequency is cho-
sen as �d= �̃−��, which is the eigenfrequency of the low-
lying m=0 mode.

To obtain a significant SHG between the low-lying and
the high-lying m=0 modes, the corresponding phase-
matching condition ��̃+=2�̃−� must be satisfied. For in-
stance, in the BCS �BEC� limit, the phase-matching condi-
tion is given by �= �15�2+�130� /16 ��= �5�10+�58� /12�
�see the last paragraph of Sec. II�. We have made a series of

FIG. 6. �Color online� The time evolution of the second-
harmonic generation between the high-lying and the low-lying
m=0 modes for several different 
 values. u �v� represents the
fundamental �second-harmonic� wave as a function of �1 /� with
�= �2�̃−I− / �J−W0��1/2. The upper panel is the case for C=0, while
the lower panel is for C=1 /�27.
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numerical simulation for the SHG in different superfluid re-
gimes. Here, we just present the results in the BCS and BEC
limits.

We choose the radial trapping frequency ��=400� Hz
and the drive parameters A�=0.01 and Az=−0.007. Under
such drive condition, the fundamental wave �i.e., the low-
lying m=0 mode� can be excited to a large enough ampli-
tude. We switch off the drive at time Td=20��

−1=0.016 s and
then let the system oscillate freely. Due to the nonlinear ef-
fect of the system, a second-harmonic wave �i.e., the high-
lying m=0 mode� is generated and grow rapidly due to the
nonlinear effect of the system.

Shown in Fig. 7 is the result of the numerical simulation
for the SHG between the low-lying and the high-lying m
=0 modes. Panels �a� and �b� are the time evolution of bj�t�
�j=x ,y ,z� in the BCS �
=2 /3� and BEC �
=1� limits, re-
spectively. We see clearly that the second-harmonic genera-
tion occurs significantly in the width oscillation of the axial
�i.e., z� direction. In the radial �i.e., x and y� directions, one
can also find a signature of the SHG but it is much smaller in
comparison with that in the axial direction. The physical rea-
son for the anisotropic behavior of the SHG is that the cou-
pling coefficient between the fundamental wave and the
second-harmonic wave in the radial directions is much
weaker than that in the axial direction, though the phase-
matching condition is fulfilled. Consequently, if one explores
the SHG between the low-lying and the high-lying m=0
modes by observing the oscillation of the spatial width of the
fermionic condensate, the experimental measurement should

be chosen along the axial direction, where the SHG signature
is stronger. Note that such strong anisotropic SHG of the
collective modes for the condensed bosonic atoms �i.e.,
87Rb� in a harmonic trap has been observed by Hechen-
blaikner et al.42

The results of Fig. 7 show also that there are obvious
differences of the second-harmonic generation in different
superfluid regimes. One of them is that for different 
, there
are different periods of the energy transfer between the fun-
damental wave and the second-harmonic wave. For 
=2 /3
�i.e., BCS limit�, the period of the energy transfer in the SHG
process is 0.07 s; while for 
=1 �BEC limit�, the period of
the energy transfer of the SHG is only 0.05 s. All numerical
simulations presented above agree well with the analytical
results given in the last section.

V. SUMMARY

We have investigated the nonlinear dynamical behavior of
the collective modes in a superfluid Fermi gas in the BCS-
BEC crossover based on a simple hydrodynamic approach.
We have solved the superfluid hydrodynamic equations gov-
erning the time evolution of the fermionic condensate in the
BCS-BEC crossover by using standard singular perturbation
methods. In particular, we have calculated the frequency
shifts of the collective modes induced by nonlinear effects by
using the Lindstedt–Poincaré method. The results obtained
demonstrate that the frequency shifts possess different fea-
tures in different superfluid regimes. Especially, the fre-
quency shifts may be positive, zero, and negative, depending
on the values of the polytropic index 
 of the state equation
and the anisotropic parameters � of the trapping potential.
For the m=2 mode, the frequency shift is generally higher in
the BEC regime than in the BCS regime, but for the high-
lying m=0 mode the behavior is reversed. The frequency
shift for the low-lying m=0 mode has a very complicated
behavior, which may be larger or smaller in the BCS regime
than in the BEC regime, depending on the value of �. Gen-
erally speaking, for all collective modes and in various su-
perfluid regimes, the frequency shifts increase quadratically
as functions of the mode amplitudes. Furthermore, the diver-
gent points of the frequency shifts obtained determine the
positions of the second-harmonic generation, which are also
the functions of 
 and �. In addition, we have studied in
detail the second-harmonic generation of the collective
modes under phase-matching conditions both analytically
and numerically, and obvious difference for the SHG in dif-
ferent superfluid regimes is found. In particular, we have
found that the growth and descent of the second-harmonic
component is slower in the BCS regime than in the BEC
regime, and the period of the energy transfer of the SHG in
the BCS regime is obviously larger than that in the BEC
regime. Such behavior of the second-harmonic generation
should be observed experimentally in the superfluid Fermi
gas. The results presented in this work may be useful for
understanding the nonlinear property of fermionic conden-
sates in the BCS-BEC crossover and guiding the experimen-
tal findings of the frequency shifts and mode couplings in
ultracold quantum degenerate Fermi atomic gases.

(a)

(b)

FIG. 7. �Color online� The numerical result of the time evolu-
tion for the spatial widths of the fermionic condensate in the case of
the second-harmonic generation between the low-lying and the
high-lying m=0 modes. �a� and �b� are the time evolution of bj�t�
�j=x ,y ,z� in the BCS �
=2 /3� and BEC �
=1� limits, respectively.
The second-harmonic generation occurs significantly in the width
oscillation of the z direction.
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APPENDIX A: EXPRESSIONS OF dj

Parameters dj �j=1–4� in Eq. �22� read

d1 = 2�
 + 1��
 + 2�2�̃�
8 + �3
 + 2���
 + 2��4
2 − 13


− 13��̃�
6 − �21
3 − 52
2 − 150
 − 60��̃�

4 − �3
3 + 154
2

+ 196
 + 56��̃�
2 + 2�
 + 2��5
 + 2��3
 + 2�� , �A1a�

d2 = − 2�2
 + 5��
 + 1��
 + 2��̃�
10 + �40
3 + 327
2 + 397


+ 130��̃�
8 − �3
 + 2��169
2 + 404
 + 150��̃�

6 + �3
 + 2�

��102
3 + 483
2 + 532
 + 140��̃�
4 − 2�3
 + 2��
 + 1�

��57
2 + 76
 + 20��̃�
2 , �A1b�

d3 = 8
�
 + 1��̃�
12 − 2
�4
2 + 43
 + 31��̃�

10 + 4
�27
2 + 79


+ 41��̃8 − 4
�4
 + 21��3
 + 2��
 + 1��̃�
6 + 24
�3
 + 2�

��
 + 1�2�̃�
4 , �A1c�

d4 = �− 2�̃�
2 + 
�2 + 2�2 + 2
 + 2�
2�̃�

2 , �A1d�

where �̃� have been given by Eq. �10b�.

APPENDIX B: COEFFICIENTS OF EQUATIONS
(31a) and (31b)

The coefficients of Eqs. �31a� and �31b� are

I� = a� + b� + c�V�, �B1�

J� = �a� + b��P� + c��2Q�, �B2�

with

a� = �̃�
4 − �
 + 2���2 + 1��̃�

2 + 4�
 + 1��2,

b� = − 
�− �̃�
2 + 2�2� ,

c� = − 
�− �̃�
2 + 2� ,

P+ = 1 − 
�1 + 2V−� +



2
�2 + V−��2 + �
 + 1��2 + V−�� ,

P− = 2 + 
�2 − V− − V+ + �
 + 1��2 + V−��2 + V+�� ,

Q+ = V−
2 − 
�1 + 2V−� +




2
�2 + V−��2V− + �
 + 1��2 + V−�� ,

Q− = 2V−V+ − 2
�1 + V− + V+� + 
�2V− + 2V+ + 2V−V+ + �


+ 1��2 + V−��2 + V+�� ,

where V� have been given by Eq. �12�.
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