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A B S T R A C T

Accurate optical imaging capable of reconstructing three-dimensional (3D) target objects with strong surround-
ing noises are highly demanding in diverse applications. For conventional imagers with narrow probe beams,
the probe beams usually suffer from serious spreading and distortion due to the diffraction and surrounding
noises. Here, we construct a 3D imager by using pulsed Bessel beams, enabling reconstruction of high-resolution
3D profiles with sub-millimeter transverse resolution and sub-centimeter depth resolution. We demonstrate
that due to the outstanding diffraction-free and self-healing properties of Bessel beams, the present imager
can provide high-quality reconstructed images in high-noise environments with opaque scatters. The method
developed here for reducing the effects of surrounding noises can also be exploited in the light detection and
ranging technology at single-photon level.
. Introduction

Active three-dimensional (3D) optical imaging systems reconstruct
D images for remote target objects by projecting probe laser beams
nto the objects and detecting the back-scattered ones. In the last
ecades, the research of 3D imaging has attracted a lot of atten-
ions due to its widespread applications in diverse fields, including
achine-vision and ranging [1,2], terrestrial mapping [3], remote sens-

ng [4], environmental monitoring [5,6], target recognition and iden-
ification [7], satellite-based global topography [8], and so on. An
ncreasing demand for these applications has further promoted the de-
elopment of 3D imaging, which are required to be able to reconstruct
igh-resolution 3D profiles not only over a long range but also with
ow illumination power. For this aim, latest single-photon detection
echniques [9,10] have been used in imaging systems, which enables
maging over a long range with very low flux of backscattered pho-
ons [11–14]. Additionally, artificial intelligence assisted imaging [15,
6] has also been suggested, which may have the potential of great
mprovement on imaging quality and range. Further, due to the recent
dvances in the integration of photonic and electronic circuits [17], a
arge-scale two-dimensional array of coherent detector pixels operating
s a light detection and ranging (LiDAR) system can be served as a
niversal 3D imaging platform [18].

∗ Corresponding authors at: State Key Laboratory of Precision Spectroscopy, East China Normal University, Shanghai 200062, China.
E-mail addresses: chang@phy.ecnu.edu.cn (C. Hang), gwu@phy.ecnu.edu.cn (G. Wu).

On the other hand, it is more challenging to realize high-resolution
imaging in the presence of strong surrounding noises. In this direction,
a full waveform LiDAR that can identify small echo peaks superimposed
on the background envelope has been used to detect targets under
adverse weather conditions [19]. Additionally, in order to temporally
gate out unwanted back-reflections from noises, temporal window of
6 ns is used for a silicon single-photon avalanche photodiode (APD)
detector with the time resolution less than 50 ps to improve the
performance of 3D imaging in highly scattering underwater environ-
ments [20]. Moreover, based on the technique of quantum frequency
up conversion, the time resolution is further improved to ∼6 ps so that
the 3D imaging of targets obscured by strongly scattering media can
be realized [21,22]. For instance, in ref [21] the 3D profile of obscured
scene is successfully reconstructed, where the target is located 2 mm
behind an obscuring aluminum wire mesh. However, in most previous
imaging schemes, Gaussian probe beams are usually adopted in the
systems, which cannot recover their original waveforms after being
obstructed by the scatters, leading to the low quality of reconstructed
images.

In this work, we build up a 3D optical imaging system by using
non-diffractive pulsed Bessel beams, which are not only immune to
diffraction (and hence shape-preserving for a very narrow beam and
a long propagation distance) but also self-healing (and hence highly
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Fig. 1. High-quality Bessel Beams. (a) The experimental setup for generating high-
quality long-range Bessel beams. Here, HWP, SLM, and CCD stand for half-wave plate,
spatial light modulator, and charge-coupled device, respectively. The transmissivity and
phase of the SLM are shown in the inset. (b1) and (b2) Intensity distributions of the
Bessel beam measured by the CCD camera at 𝑧 = 0 m and 3 m, respectively. (c1) and
(c2) Intensity distributions of the Gaussian beam measured by the CCD camera at 𝑧 = 0
m and 1 m, respectively. BB: Bessel beam; GB: Gaussian beam.

noise-tolerant) [23,24]. Particularly, we construct a 3D imager for a
range over 3 meters by using pulsed Bessel beams, enabling reconstruc-
tion of high-resolution 3D profiles with 0.6 mm transverse resolution
and 1 cm depth resolution, while the light energy per pulsed Bessel
beam is lowered to about 20 nJ. We highlight that due to the out-
standing diffraction-free and self-healing capabilities of Bessel beams
the present imager can provide high-quality reconstructed images in
high-noise environments, where conventional imagers are completely
break down. The method developed in this work for suppressing the
diffraction and conquering the noises in optical imaging pave the way
for designing novel low-cost, diffraction-free, and noise-tolerant 3D im-
agers by using various non-diffractive beams such as high-order Bessel
beams (Bessel vortexes), Gauss–Laguerre beams, and Airy beams [25–
27].

2. High-quality Bessel beams

Before constructing a 3D imager by using the pulsed Bessel beams,
we first develop high-quality Bessel beams over tens of meters (one
order longer than the propagation distance obtained in [28]). In par-
ticular, we use a high-resolution liquid-crystal-on-silicon (LCOS) spatial
light modulator (SLM), which can realize the functionality of a glass
axicon. The pixel number of the LCOS SLM used in our experiment
arrives 4094 × 2400 in the size of 3.74 × 3.74 μm square; the analogue
base angle of the LCOS SLM can be estimated as

𝜃𝑎𝑛𝑎𝑙𝑜𝑔 = arctan
(

𝜆𝑝∕𝑑
)

≈ 1.26 × 10−3Rad (1)

where the probe wavelength 𝜆𝑝 = 532 nm and the period of SLM phase
long the radial direction 𝑑 ≈ 4.2 μm. We stress that compared with the
mallest base angle that glass axicons can achieve, the analogue base
ngle of LCOS SLM, 𝜃𝑎𝑛𝑎𝑙𝑜𝑔 , can be one order smaller, resulting in longer
xial extent of Bessel beams, which is ∼ 1∕𝜃𝑎𝑛𝑎𝑙𝑜𝑔 . Moreover, 𝜃𝑎𝑛𝑎𝑙𝑜𝑔 can
e precisely manipulated in situ through tuning the parameter 𝑑.

The experimental setup is illustrated in Fig. 1(a). A Gaussian beam
t the wavelength of 532 nm is emitted from a solid state laser. The
nitial waist width of the Gaussian beam is 3.0 mm and it propagates
hrough a collimator, an attenuator, and a half-wave plate in turns.
fterwards, the Gaussian beam is reflected by a LCOS SLM, where it

s transformed into a zeroth-order Bessel beam with the radius of the
entral spot 𝑤 ≈ 0.22 mm. Finally, the Bessel beam is measured by
moving charge-coupled-device (CCD) camera along the propagation

irection.
2

The SLM typically works with laser beams only in one particular
olarization and incident angle. In the experiment, the polarization of
he incident Gaussian beam is tuned to be perpendicular to the liquid
rystal molecules of the SLM through a half-wave-plate. In addition, the
ngle between the incident Gaussian beam and the normal direction
f the SLM is around 5 degrees. During the scanning process, the
olarization and incident angle are fixed.

The intensity distributions of a Bessel (Gaussian) beam measured
t 𝑧 = 3 m (𝑧 = 1 m) is presented in Fig. 1(b2) [Fig. 1(c2)]. We
ind that the radius of the central spot of the Bessel beam is increased
rom 0.22 mm to 0.35 mm (about 1.6 times) over a total propagation
istance of 3 m, however, the width of a Gaussian beam is increased
rom 0.22 mm to 2.6 mm (about 11.8 times) in the same propagation
istance. In order to estimate the importance of diffraction, we exploit
he Fresnel number, defined as 𝐹 = 𝑤2∕(𝐿𝜆𝑝) with 𝑤 the probe beam
idth and 𝐿 the total propagation distance. In the present setup, we
ave a very small Fresnel number 𝐹 ≈ 0.03, indicating that a strong
iffraction effect plays a role in the beam propagation [29]. In fact, the
ropagation distance of the Bessel beams generated in our experimental
an be extended to more than 20 m. In this case, the Bessel beam
isplays nearly no distortion during its propagation up to 𝑧 = 10 m,

a manifestation of its excellent diffraction-free property. At 𝑧 = 20
m, although the interference rings of the Bessel beam is exhausted
completely, the center spot of the Bessel beam survives except that it
suffers the diffraction-induced spreading and attenuation.

3. High-resolution 3D imaging based on pulsed Bessel beams

After obtaining the high-quality long-range Bessel beams, we pro-
ceed to develop the 3D imaging by using the pulsed Bessel beams.
A pulsed Bessel beam has a localized temporal profile and the same
diffraction-free and self-healing capabilities with those of a Bessel
beam. If the temporal profile is localized and can be described by a
Gaussian function, the probe field with the form of pulsed Bessel beams
is written as

𝐸⃗𝑝
(

𝑟, 𝑡
)

= 𝑒𝑥𝐴0𝐽0
(

𝑘𝑟, 𝑟
)

𝑒−
(𝑡−𝑧∕𝑐)2

𝜏2
−𝛼2𝑟2𝑒𝑖

(

𝑘𝑧𝑧−𝜔𝑝𝑡
)

+ 𝑐.𝑐. (2)

where 𝑟 = (𝑥, 𝑦) are transverse coordinates, 𝑒𝑥 is the unit polarization
vector of the probe field (assumed to be along the 𝑥 direction), 𝐴0
is the beam amplitude, 𝑘𝑟 (𝑘𝑧) is the wavenumber in the transversal
directions (longitudinal direction), and 𝜏 is the temporal width of the
pulse. Additionally, a small decay factor 𝛼 (0 < 𝛼 ≪ 1) is introduced to
ensure the containment of the infinite Bessel function tail and makes
the laser power normalizable. All values of parameters 𝐴0, 𝑘𝑟, and 𝛼
can be determined from the experimental measurements.

The energy of each pulsed Bessel beam can be obtained by the en-
ergy flux integrated over the pulse duration, i.e. 𝐸𝑝𝑢𝑙𝑠𝑒 =

√

𝜋𝜖0𝑐𝐴2
0𝜏 ∫

∞
0

𝑟2𝑑𝑟𝐽0(𝑘𝑟, 𝑟)2𝑒−2𝛼
2𝑟2 . In the experiment, we have 𝑘𝑟 ≈ 1.2× 104 m-1, 𝜏 ≈

1 ns, and 𝛼 ≈ 0.05, which leads to the energy per pulse 𝐸𝑝𝑢𝑙𝑠𝑒 ≈ 20 nJ.
Such a low energy is due to the fact that the central spot of the zeroth-
order Bessel beam can be focused in a very small cross-sectional area
and it is invariant during the propagation as the beam is non-diffractive.

Shown in Fig. 2(a) is the setup of a 3D imager by using the pulsed
Bessel beams. Here, a nanosecond pulse laser is served as the light
source for illumination. The pulsed Gaussian beam emitted from the
light source is transformed into a pulsed Bessel beam after propagating
through a collimator, an attenuator, and a half-wave plate in turns,
and is reflected over a LCOS SLM the same with that used in Fig. 1(a).
After scattered by the target objects, the back-propagating probe pulses
propagate through a lens and a bandpass filter. Eventually, they are
received by a silicon single-photon avalanche photodiode (Si SPAD)
with each signal pulse contains only 0.14 photon in average (see
Appendix A for more details). Note that the energy per pulse after
scattering is much lower than 𝐸𝑝𝑢𝑙𝑠𝑒, i.e. most of energy of the pulsed
Bessel beams is lost during the scattering process. The emission and
reception events are time stamped by a time-to-digital converter (TDC)
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Fig. 2. High-resolution 3D imaging based on pulsed Bessel beams. (a) The experimental setup of a diffraction free and noise-tolerant 3D imager by using the pulsed Bessel beams.
ere, SPD and TDC stand for single-photon detector and time-to-digital converter, respectively. (b1)–(b2) [(c1)–(c2)] The front and side views of target objects by using the pulsed
essel (Gaussian) beams.
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o measure the time of flight (ToF) of photons with the time resolution
f 64 ps. However, the timing resolution of the whole system needs a
ull consideration including not only the timing resolution of the TDC
ut also the timing resolution of the Si-APD, the timing jitter of the
aser, and so on. Thus, the timing resolution of the whole system is
sually much longer than 64 ps. Moreover, since the background noise
ay be strong enough to cover the probe signals, we isolate the signals

rom noises by further using the time–frequency matched filtering [30].
articularly, the time–frequency matched filter correlates, in time and
requency domains, a time–frequency distribution (TFD) of the received
ignal with the TFD of the known signal. Thus, it is very useful to detect
known signal embedded in a strong background noise and has many

mportant applications including radar and sonar systems. Finally, with
he data of time delay between the emission and reception for each
ulsed Bessel beam, it is possible to reconstruct the target object in 3D.

In the experiment, the imaging rang of the imager is set to be 3 m.
he target objects include a small metal plate carved with a regular
riangle 𝛥 and a large metal plate carved with letters ‘‘ECNU’’. The
ide length of the regular triangle 𝛥 is only 10 mm; the width, height,
nd weight of each letter is 7 mm, 5 mm, and 1 mm, respectively. The
eparation between the two metal plates is 4 cm along the z direction.

Fig. 2(b1)–(b2) [(c1)–(c2)] show the reconstructed 3D images of
arget objects by using the pulsed Bessel (Gaussian) beams. We im-
lement raster scanning by installing the whole imaging system on a
igh-speed motorized stage. Thereby, the imaging system can rotate in
oth horizontal and longitudinal directions in a well-controlled way.
uring the scanning, the imager is rotated 133 times in the horizontal
irection (from left to the right) and then it is rotated 1 time in the
ongitudinal direction (from top to bottom). In addition, each rotation
s followed by a stop lasting about 0.3 s for collecting and processing
ate. After 87 cycles, i.e. 133*87 times of rotations, the detections cover
he whole target objects and a complete 3D image can be reconstructed.
or obtaining high-quality reconstructed 3D images, we repeat the
etections for each pixel (each image contains 133*87=11571 pixels)
y 10 thousand times and average the signals to improve the timing
esolution (reduce the time jitter) of the system. Meanwhile, we care-

ully measure the time of flight (ToF) difference of the pulse intensity b

3

peaks. By doing so, the timing resolution of the imager can be lowered
to about 0.1 ns, corresponding to the depth resolution of 3 cm (below
the separation between the front and behind target objects). Since
the transverse spreading of the center spot of the Bessel beam is less
than 0.08 mm for the 3-meter-long propagation distance, the smallest
distinguishable size of the target objects in the transversal direction
can be less than 0.6 mm. We also expect that sub-centimeter depth
resolution is achievable with higher timing resolution of the system and
shorter pulses in the present imager.

The temporal invariance of the pulsed Bessel beams is important
for our imager. Fig. 3(a) shows the temporal width of the pulsed Bessel
beams as a function of the imaging range z, where the experimental
(numerical) results are indicated by the samples (lines). It is clear that
the increase of the ration between the temporal width and its initial
value (𝜏∕𝜏0) is less than 10% within the imaging range of 3 m. The
intensity peak of the pulsed Bessel beams is also traced and found to
be invariant. Thus, the temporal profile of the pulsed Bessel beams is
indeed temporally invariant during the propagation.

The quality of reconstructed images can be characterized by the
imaging correlation J, defined as

J(z) = ∬𝑆
𝑑𝑥𝑑𝑦𝐵(𝑥, 𝑦, 𝑧)𝐵(𝑥, 𝑦, 0)∕

[

∬𝑆
𝑑𝑥𝑑𝑦𝐵(𝑥, 𝑦, 𝑧)∬𝑆

𝑑𝑥𝑑𝑦𝐵(𝑥, 𝑦, 0)
]

(3)

here S denotes the area of reconstructed images and B denotes
he brightness of objects in reconstructed images. From the above
efinition, it is easily seen that J = 1 at z = 0 and 0 < J < 1 for z > 0.

Fig. 3(b) and (c) show respectively the imaging correlation J as a
unction of the imaging range z for the pulsed Bessel and Gaussian
eams, where the experimental (numerical) results are indicated by the
amples (lines). The simulation results are in a good agreement with the
xperimental results. We see that when the imaging range is increased
rom 0 to 3 m, the imaging correlation J by using the pulsed Bessel
gaussian) beam is decreased slowly (rapidly) from 1 to 0.65 (nearly
). Thus, the quality of reconstructed images by using the pulsed Bessel

eams is much better than that by using the pulsed Gaussian beams.
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f
a

Fig. 3. (a) The ratio pulse duration of the pulsed Bessel beams as a function of the imaging range z; (b) [(c)] The imaging correlation J as a function of the imaging range z
or the pulsed Bessel (Gaussian) beams. Both experimental (blue diamonds and red squares) and numerical (purple dash-dotted and green dashed lines) results are presented and
gree with each other. BB: Bessel beam; GB: Gaussian beam.
Fig. 4. Self-healing of a pulsed Bessel beam after it propagating through an aluminum wire mesh. (a1)–(a5) The self-healing of the pulsed Bessel beam just passing through a
single aluminum wire mesh with the mesh hole number 20. The intensity distributions of the Bessel beam are illustrated at 2.5 cm, 13 cm, 24 cm, 50 cm, and 70 cm behind the
wire mesh; (a6) The intensity distribution of a pulsed Gaussian beam at z = 70 cm behind the same wire mesh. BB: Bessel beam; GB: Gaussian beam. (b) The imaging correlation
J as a function of the hole number for a single aluminum wire mesh or two wire meshes for the imaging range of 3 m. Both experimental (blue circles and red squares) and
numerical (purple dash-dotted and green dashed lines) results are presented and have a good agreement.
4. Noise tolerance of the Bessel-beam-assisted 3D imaging

As the last step, we turn to the self-healing property of the pulsed
Bessel beams and demonstrate that our imager is highly noise-tolerant
and can work in a high-noise environment. To this end, we first show
the self-healing phenomenon of a pulsed Bessel beam after it propa-
gating through an aluminum wire mesh. Fig. 4(a1)–(a5) illustrates the
intensity distributions of a pulsed Bessel beam at different distances
behind the wire mesh, captured by the CCD camera. It is seen that the
pulsed Bessel beam can reconstruct its initial intensity distribution at
70 cm behind the wire mesh. As a comparison, Fig. 4(a6) illustrates the
intensity distribution of a pulsed Gaussian beam at 70 cm behind the
same wire mesh. Since the lack of the self-healing property, the pulsed
Gaussian beam suffers complete distortion.

Fig. 4(b) shows the imaging correlation J as a function of the mesh
hole number of a single aluminum wire mesh or two aluminum wire
meshes (for further increasing the strength of noises) for the imaging
range of 3 m. It is seen that J drops slightly (rapidly) when the hole
number is increased by using the pulsed Bessel (Gaussian) beams. Par-
ticularly, in the case of using pulsed Bessel beams, J saturates at around
60% when the hole number reaches a critical value, corresponding to
rather strong noises. In this figure, both experimental (samples) and
numerical (lines) results are presented and have a good agreement.

Next we carry out the same image reconstruction (i.e. the same
pulsed Bessel beams and the imaging rang) by placing an aluminum
wire mesh, served as opaque scatters, between the LCOS SLM and the
target objects [see Fig. 5(a)]. The highly reflective mesh reduces the
backscattered photons from the target objects while inducing backscat-
tering ahead of the desired target. The left-top and right-bottom insets
of Fig. 5(a) show respectively photographs of the target objects with-

out and with the aluminum wire mesh through the direct telescope

4

observation. The target objects are almost completely obscured by a
combination of 100- and 500-hole wire meshes. Fig. 5(b1) and (b2)
show the front and side views of the target objects by using the Bessel-
beam-assisted imager. It is seen that the target objects can be clearly
observed by the imager although they are completely obscured by the
wire mesh in the direct telescope observation. In order to enhance
the randomness of the backscattering, we have also used different
combinations of wire meshes and place the wire meshes at different
locations between the LCOS SLM and the target objects. We find that
the target objects can still be clearly observed by the imager.

We have also carried out experiment by replacing the aluminum
wire mesh with an air bubble film, served as non-opaque scatters. The
results are shown in Fig. 5(c1) and (c2). In contrast with the wire
mesh, the air bubble film poses a great challenge to the self-healing
mechanism as one part of the laser beam can interfere with other
parts, leading to interference-induced distortion in the reconstructed
images. From the results, we find that the Bessel-beam-assisted 3D
imaging can operate not only with opaque obscurants but also with
non-opaque ones, highlighting their applications in extremely complex
environments.

5. Conclusion

In conclusion, we have built up a 3D optical imaging system by
using non-diffractive pulsed beams. We have shown that the present
imager can work in high-noise environments with opaque scatters.
The method developed here for reducing the effects of diffraction and
surrounding noises paves the way for designing low-cost, diffraction-
free, and noise-tolerant 3D imagers by using various non-diffractive

pulsed beams at single-photon level, and can be used in LiDAR systems.
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Fig. 5. Noise tolerance of the Bessel-beam-assisted 3D imaging. (a) The experimental setup. The imager is installed on a motorized stage; an aluminum wire mesh is placed
between the LCOS SLM and the target objects. Left-top and right-bottom insets show respectively photographs of the target objects without and with the aluminum wire mesh
through the direct telescope observation. (b1) and (b2) [(c1) and (c2)] Front and side views of the reconstructed image of the target objects by placing an aluminum wire mesh
(air bubble film) between the LCOS SLM and the target objects, respectively.
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Appendix A. Experimental setup

In our experiment, the laser system emits laser beams with the
wavelength of 532 nm and the pulse duration of 1 ns, working at
the pulse repetition frequency of 127 kHz. The high-quality Bessel
beam is generated by a liquid crystal-on-silicon reflective spatial light
modulator (HD SLM4KR, UPOLabs, China) with a high resolution of
4094 × 2400 pixels in the size of 15.311 × 8.976 mm. The filter (FL532-
10, Thorlabs, US) allows the laser beams passing through with the
central wavelength 532 ± 2 nm and the transmissivity 70%@532 nm.

he back-scattered signals are received by a single-photon avalanche
iode (SPCM-AQRH-16-FC, Excelitas Technologies, US) with the detec-
ion efficiency 50%@532 nm. The time delay between two laser beams
cattered from the closer and farther target objects is monitored by a
ime-to-digital converter (Hydra Harp 400, Pico-Quant, Germany) with
he timing resolution down to 64 ps.

Here, we use a silicon single-photon avalanche photodiode (Si
PAD) operating in the Geiger mode for counting the number of
hotons. In the period of 0.3 s, the SPAD captures 1254 photon
rom each pixel of the reconstructed image. Bearing in mind that
he detection efficiency of the SPAD is about 50%, there are actually
508 photons reaching the SPAD. On the other hand, since the pulse
epetition frequency of the laser source is 127 kHz, 38100 pulses are
enerated in the period of 0.3 s. Consequently, there are 2508/38100≈

0.066 photons containing in each pulse of Bessel beams. Finally, taking
into account that the transmissivity of the filter is about 70% and the
fiber-optic coupling efficiency is about 67%, the average number of

photons per pulse is about two times of 0.066, which is about 0.14.

5

In addition, we have used a single aluminum wire mesh and a com-
bination of two wire meshes with different hole numbers to simulate
the surrounding noises with different strengths. The specification of
wire meshes is given as
Wire Mesh 20: The hole size is 0.970 × 0.970 mm2, the wire diameter
is 0.23 mm;

Wire Mesh 30: The hole size is 0.546 × 0.546 mm2, the wire diameter
is 0.20 mm;

Wire Mesh 100: The hole size is 0.154 × 0.154 mm2, the wire diameter
is 0.10 mm;

Wire Mesh 500: The hole size is 0.038 × 0.038 mm2, the wire diameter
is 0.015 mm.

Appendix B. Theoretical treatment

The envelope of the probe field 𝐸𝑝(𝑥, 𝑦, 𝑧) can be described by the
axwell equation under the paraxial approximation

2𝑘𝑝
𝜕𝐸𝑝

𝜕𝑧
+
(

𝜕2

𝜕𝑥2
+ 𝜕2

𝜕𝑦2

)

𝐸𝑝 + 𝑉
(

𝑟
)

𝐸𝑝 = 0 (B.1)

where the position vector 𝑟 = (𝑥, 𝑦, 𝑧) and the potential 𝑉
(

𝑟
)

=
𝑆𝐿𝑀

(

𝑟
)

+ 𝑉𝑛𝑜𝑖𝑠𝑒(𝑟). Here 𝑉𝑆𝐿𝑀
(

𝑟
)

is a complex potential describing
the action of the high-resolution liquid-crystal-on-silicon (LCOS) spatial
light modulator (SLM) and 𝑉𝑛𝑜𝑖𝑠𝑒(𝑟) is a complex potential describing the
effect of surrounding noises. The real and imaginary parts of 𝑉𝑆𝐿𝑀

(

𝑟
)

and 𝑉𝑛𝑜𝑖𝑠𝑒(𝑟) stand for the phase shift and absorption of the probe beam
resulted from the LCOS SLM and the surrounding noises, respectively.

The generation and propagation of Bessel beams can be performed
in the following two-step process. In the first step, the incident probe
beam with a Gaussian intensity distribution propagates with the poten-
tial 𝑉𝑆𝐿𝑀

(

𝑟
)

while 𝑉𝑛𝑜𝑖𝑠𝑒
(

𝑟
)

= 0. Due to the action of 𝑉𝑆𝐿𝑀
(

𝑟
)

, the
Gaussian input beam will be transformed into a Bessel beam. In the
second step, the Bessel beam propagates with the potential 𝑉𝑛𝑜𝑖𝑠𝑒

(

𝑟
)

while 𝑉𝑆𝐿𝑀
(

𝑟
)

= 0. In this step, the Bessel beam propagates from the
LCOS SLM to the target objects in the presence of surrounding noises.

For the convenience of following discussion, Eq. (B.1) can be further
written into a non-dimension form

𝑖 𝜕𝑢
𝜕𝜁

+ 𝑑
2

(

𝜕2

𝜕𝜉2
+ 𝜕2

𝜕𝜂2

)

𝑢 + 𝑉 (𝜉, 𝜂, 𝜁 ) 𝑢 = 0 (B.2)

where new variables are defined as 𝜁 = 𝑧∕𝑧0, 𝑑 = 𝑧0∕𝐿𝑑𝑖𝑓𝑓 , (𝜉, 𝜂) =
𝑥, 𝑦)∕𝑤, and 𝑢 = 𝐸𝑝∕𝐴0. Here 𝑧0, 𝐿𝑑𝑖𝑓𝑓 , 𝑤, and 𝐴0 are respectively the

typical propagation distance, the characteristic diffraction length, the
typical beam radius, and the typical amplitude of the probe beam; the
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𝑉
t
S
e

f

characteristic diffraction length is defined as 𝐿𝑑𝑖𝑓𝑓 = 2𝜋𝑤2∕𝜆𝑝 and the
non-dimension potential is given by 𝑉 (𝜉, 𝜂, 𝜁 ) = 𝑧0𝑉

(

𝑟
)

∕(2𝑘𝑝). We can
also write Eq. (B.2) into the form
𝜕𝑢
𝜕𝜁

= 𝐷̂𝑢 + 𝑖𝑉 (𝜉, 𝜂, 𝜁 ) 𝑢 (B.3)

where 𝐷̂ = 𝑖 𝑑2
(

𝜕2

𝜕𝜉2
+ 𝜕2

𝜕𝜂2

)

is the diffraction operator. Since Eq. (B.3) is
a linear one, it can be solved analytically.

Now setting 𝑉 (𝜉, 𝜂, 𝜁 ) = 𝑉𝑆𝐿𝑀 (𝜉, 𝜂) for 0 < 𝜁 < 𝛼 and 𝑉 (𝜉, 𝜂, 𝜁 ) =
𝑛𝑜𝑖𝑠𝑒 (𝜉, 𝜂) for 𝛼 < 𝜁 < 𝛽, where 𝛼 is an effective length measuring
he action of the LCOS SLM and 𝛽 is the separation between the LCOS
LM and target objects, Eq. (B.3) can be further splitted into a set of
quations:
𝜕𝑢
𝜕𝜁

= 𝑖𝑉𝑆𝐿𝑀 (𝜉, 𝜂) 𝑢 (B.4)

or the first step (0 < 𝜁 < 𝛼) and
𝜕𝑢
𝜕𝜁

= 𝐷̂𝑢 + 𝑖𝑉𝑛𝑜𝑖𝑠𝑒 (𝜉, 𝜂) 𝑢 (B.5)

for the second step (𝛼 < 𝜁 < 𝛽). Consequently, Eq. (B.4) gives the
solution 𝑢(𝜉, 𝜂, 𝜁 = 𝛼) = 𝑢(𝜉, 𝜂, 𝜁 = 0)𝑒𝑖𝑉𝑆𝐿𝑀 (𝜉,𝜂)𝛼 , where the initial
condition 𝑢(𝜉, 𝜂, 𝜁 = 0) is chosen as a Gaussian function. Due to the
action of the potential 𝑉𝑆𝐿𝑀 (𝜉, 𝜂), 𝑢 (𝜉, 𝜂, 𝜁 = 𝛼) can acquire the form of
the zeroth-order Bessel function. Eq. (B.5) gives the solution

𝑢 (𝜉, 𝜂, 𝜁 = 𝛽) = 𝐹−1
𝑇

{

∫

𝛽

𝛼
𝑑𝜁𝐹𝑇

[

𝐷̂ + 𝑖𝑉𝑛𝑜𝑖𝑠𝑒 (𝜉, 𝜂) 𝑢(𝜉, 𝜂, 𝜁 = 𝛼)
]

}

(B.6)

where 𝐹𝑇 denotes the Fourier-transform operation from the spatial
domain to the momentum domain. Due to the diffraction-free and self-
healing properties of Bessel beams, the probe beam will preserve its
waveform during the propagation in the presence of surrounding noises
for a long distance.
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