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Abstract The dark Korteweg-de Vries (KdV) systems are defined and classified by Kupershmidt sixteen years
ago. However, there is no other classifications for other kinds of nonlinear systems. In this paper, a complete scalar
classification for dark modified KdV (MKdV) systems is obtained by requiring the existence of higher order differential
polynomial symmetries. Different to the nine classes of the dark KdV case, there exist twelve independent classes of
the dark MKdV equations. Furthermore, for the every class of dark MKdV system, there is a free parameter. Only
for a fixed parameter, the dark MKdV can be related to dark KdV via suitable Miura transformation. The recursion
operators of two classes of dark MKdV systems are also given.
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1 Introduction

In the during past decades, the mystery of dark
matterl!=? has attracted much attention, which is only
a canonical result, emanating from nucleosynthesis con-
siderations in the first minutes of the Big Bang. At the
same time, the elegant discovery that our universe is in ac-
celerating expansion, which has inspired a large number
of studies on dark energy®—®! introduced by cosmologists.
The similar concept of dark equations is first proposed by
Kupershmidt.[l The basic idea of Ref. [6] is as follows:

Given two commuting dynamical systems X and Y:

(X)) up = X(u), (1a)
Y) w=Y(u), (1b)

find /classify all their linear extensions X and V' of
the form:

(Xext>
(cht)

up = X (u),
Ut = Y(u)a

Uy = Al(u)va

Ut = AQ(U)U )

(2a)
(2b)

which still commute, here v is a vector, and A;(u) (j =
1,2) are matrix linear differential operators only depend
upon u, not v.

According to commutativity

[X,Y] =0, [X*™Y™]=0, (3)

dark equations (i.e. linear extension equation) are ob-
tained. These equations are similar in spirit to what one
gets when linearizing a given system, or studies how an

external linear wave interacts with a particular solution
of a given system.

Actually, the linear extensions X' and Y°*' can
be regarded as some kinds of integrable coupling.!”]
Integrable coupling with different dynamical sys-
tems have been explored by many researchers, such
as  Ablowitz—Kaup—Newell-Segur ~ (AKNS) spectral
problem,$~% Kaup-Newell (KN) spectral problem,10-11]
Wadati-Konno-Ichikawa (WKI) spectral problem!!?] and
Kadomtsev-Petviashvili (KP) equation.!3]

According to the definition of the dark equation (2), it
is interesting to give a complete classification for a given
integrable model (1). For the KdV equation, a complete
scalar classification is given by Kupershmidt.l It is also
interesting most of the dark equations are closely related
to the physically meaningful models such as the symmetry
equation of the KdV equation, the time part of the Lax
pair, the bosonization of super-KdV,# the bosonization
of supersymmetric bosonic superfield, the bosonization of
Manin-Radul supersymmetric fermionic superfield,!*>—16]
and their dual systems. In addition to the models related
to known physically meaningful models, there still exists
a mysterious one and its dual.

Though the dark KdV equations have been classified
sixteen years ago, there is no classifications for other kind
of integrable systems. In this paper, we try to give out
a complete classification for the dark MKdV equations in
one component extensions by using the definition of high-
order symmetry. It is found that the classifications of dark
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MKAV systems are quite different from those of the dark
KdV equations, there will be not only three more classes
of the dark MKdV systems but also more freedoms for
every class of the dark MKdV system.

The dark equation may be integrable not only because
its linearity but also the existence of higher order sym-
metries which usually implies the possible existence of in-
finitely many higher order symmetries. To guarantee the
existence of infinitely many higher order symmetries, it is
enough to find a recursion operator or a master symmetry.
In this paper, the recursion operators of two classes of the
dark MKdV equations have been arrived at.

The outline of this paper is as follows. In Sec. 2, twelve
classes of the dark MKdV equations are derived. Section
3 is devoted to construct the recursion operators of two
classes dark equations. Some conclusions and discussions
are given in the last section.

2 Dark Equations of the MKdV Equation

means that both the original model (1a) and its extension
(2a) are integrable under the meaning that they possess
higher order symmetries (1b) and (2b) respectively.

For the MKdV equation

g = (2u® + Upe ) (4)
its symmetry equation reads
O';L = 6(u20u)3¢ + O';xac . (5)

It is known that
0" = usy + 100Uy + 40Uty + 10U 4 30utu, (6)

is a fifth order symmetry of the MKdV (4).

Inspired by the main idea in Ref. [6] and based on
the theory of high order symmetry, we look for the linear
scalar homogeneous extensions of the MKdV equation (4)
with the form

2
Ut = Q1 Vpgz + Q2UVLz + (A3Uz + A4U” )V

+ (a5Ugs + aguty + aru®)v, (M)

In fact, the Kupershmidt’s definition on dark equations | and its fifth order symmetry

o’ = bl (% +b2U’U4I+ (b3uz +b4u2) (e (b5uzx +b6uuz +b7u3) Vgt (b8uxr1+69uumz +b10ui

+b11 U g +b12u* ) vyt (b13Usr +D14 UL +b15 U Usr +D16U Uz +b17uus + bigu®) v, (8)

under the condition that the field u possesses unchanged symmetry (6).
The combination of Eq. (4) and Eq. (7) is called the dark MKdV system (the one component integrable coupling

system).

The only thing we need to do is to select out all independent versions of Eq. (7) by fixing a; (¢ = 1,...,7), b,
(j =1,...,19) with requiring o¥ satisfies the following symmetry equation

0f = 1003, + a2 (Uuoly + V220") + agu(ucy + 2v,0") + as(ugoy + vy00)

+ as (umo"’ + vagm) + ag [uuxav + v(ua“)r] + aru? (ua“ + 300“) , (9)

while o* is given by Eq. (6).

Substituting (8) and (6) with (4) and (7) into (9) yields the following 58 determining equations for 26 constants,

a; (i=1,...,7) and b; (j =1,...,19),
3a1by — basb; =0, 6a1bs — 2a3bs — 10aszb; = 0,
5azbiz — 3a7bg + 90a; — 30b13 = 0,
10asb13 4+ 2a3bg — 6a7bs + 60az — 24bg = 0,
3a1b16 + 4a1b19 — asby — 15agby — byg = 0,
12a1bg + 4asbs — 4aszbs — 12a7by — 12b3 = 0,

arbiz —asby +as — b7 =0,
3a1by + 3a1bs — 10asby — basb; =0,
a1big + 3a1b19 — asbir — 10agby — big =0,
9a1bs + asbs — Tazby — 15a7by — 6by =0,
a1bi1 + 3a1b17 — asby — Sasby + ag — b11 =0,

15a1b13 + Tasbg — agbs — 9a7bs 4+ 30as — 18b5 = 0,

arbie + azb17 — asby — agby +ag —b1s =0,

6a1bs + 3a1bg — 3asby — 20a3by + asbs — Haghy =0,

3ai1bi1 + a1bs + 3a1b7 — Basbhy — 10a4by — 10asby — by =0,
arby + 3a1by + 3a1by — 10a9by — 10agby — Sasby — by =0,
3a1b16 + a1big + asbi7 — asbs — 6aby + ag — b1g =0,

6a1b3 + 3a1bg — Basbs + 2a0b4 — 20a3by — 4asby — Haghy =0,
6a1b14 + asbigs — agbio — 6a7by + 10ag — 12b19 =0,

3a1b11 4+ 3a1b17 + a1by — asby — bagby — 10asb; +as — by =0,
Bagbyz + azbis — agbs — 3arbs + 30ag — 6b14 =0,

3a1b1g + 6a1b12 + 3a1b1g + 3a1bg — asby — 30azby — 2a4by; — 30aghy =0,
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6a1b15 + 12a1b18 + a4b1g — 3agbs — 3agby — 90a7b; + 180as — 180b17 =0,

18a1b5 + 6a1bg 4+ 2a2b3 — 12a3by — 6agby + 2a4b3 — 4agbs — 60a7b; — 12b4 =0,

3a1b1g + 6aibis + 6a1b3 + 9a1bg — 3asby — 2asb7 — 60asb; — 2a4by — 30aghy =0,

20a2b13 + 3asgbia + basbiz — agbg — 6arbs — 3arbg + 150ag — 30b14 =0,

a1big + 3a1b1s + agbi1 + 2a2b17 — 2a3by — agbs — 4asbs — Hagby + 2a3 — b1p =0,

a1b1s + asbig + aszbir — asbs — agbs — 3a7by + 10as + 3ay — bys — 6b17 =0,

3a1b1g + 2a1b12 + 6a1b16 + 3a1b19 — 10as3by + a4b11 — agby — 3asby — 25a6by — 2b12 =0,

4a1b1o + 6a1b12 + 3a1b16 + 9a1b19 — 20a3by — asbiy — asby — 2a5b7 — 50ab; — bip =0,

9a1bs + 3a1bg — asbs + 2asbg — 12a3bs + azby — 3asbs — 4agby — 30a7by — 6by =0,

3a1b1g + 6a1bs + 6a1bg — asbio — 6asby + agbg — 3agby — 60azb; + 10as — 1267 =0,

3a1b19 + 3a1b16 + a1bg + 2a9b11 — asbs + asby; — 10a3by — 4agbs — 6asby — 10agby — bg =0,

a1 (3b1o + 2b3 + 3bg) + az(by — 4ba + 2b7) — 20azby — 6asbs — 4asbs — 10agby — 2b3 =0,

15a1b13 + 2a2b14 + 4asbs — 2a3bs + azbg — asbgs — 2a6bs — 9arzbs + 30ay — 6bg = 0,

5a1b13 + asbi4 + agbis — asbg — agbs — 3arbs 4+ 30as + 30a; — Hbyz — 6b15 =0,

arbia + agbis + azbie — asbs — agbs — 3arbe + 10ag — by — 6b1s =0,

60a1b13 + 6a2b14 + 12a9bg — 2a3bs + 4asbs — 2a6bs — 18a7bs — 6arbg + 120a4 — 24bg = 0,

3a1b14 + 12a1bg + 2a2bs + 2a0bg — 6asbs + asbg — 2a4bs — 3agbs — 18arzbs — 6bg = 0,

6a1b1s + Ta1big + asbig + agb1g — asbia — agbi1 — 4agby — 60a7by + 130as — 120617 — b1g =0,
ay(6b1s + 15b1g + 12bg) — 2a3(2b4 + b7) + a4(70 + b1 + b12) — Yagby — 2agby — 180a7b; — 72b11 =0,
9a1b14 + 36a1bg + 6asbs + 3asbg — 6aszbs — 3asbg + 3asbs — 3agbs — 36a7bs — 9arby — 1865 =0,
9a1b14 + 2a2b15 + 2a2b18 + azbig — agbig — 3agbs — 18a7bs — 3arby + 40ag — 36b16 — 6b19 =0,

6a1b1s + 2a1b1s + 2a2b16 + asbig + asbig — asbg — Hagbs — agbsy — 30arzby + 80as — 60b17 — 2b15 = 0,
a1 (8b1s + 6b1g) + as(big + 3b1g) — asbig — ag(b11 + 10bs + b7) — 60a7by + 140as — 2by5 — 120617 =0,
a1 (3b1s + bg) + as(bio + 2b1g) + as(bir — 2b2) + a4(10 — b3) — 3asbs — dagbs — 15a7by — 6b11 — bg =0,
a1 (6b1p + 6b12 + 3b1g + 3b1g + 4bg) — asb11 — ba(az + 3aq + 3as) — 40asby + agby — 40agby — bg = 0,
a1(3b14 + 4bg) + a2 (2b15 + bg) + a3(20 + b1g — 2b3) — (a4 + 2a5)bs — 3acbs — 12a7by — 6b1p — 4bg =0,
60a1b13 + 6azb14 + asbis + 3asb1s — agbg + 3a7(10 — by — 2b3 — 2bg) + 360a5 — 12b15 — 30b15 =0,
6a1(b1s + big + bg) + asay — 2a3(bry + 3ba) + a4(40 — b1g) — 2ag(by + 6b2) — 90arzby — 36b1; =0,
6a1(3b14 + 4bg) + 2as(b1s + bg) + 2azs + 2a4bg — 2a6bg — 6ar(4by + 3by) — 12b19 — 24b12 =0,
3a1(b1s + bs + bg) + asag + as(by — 8bs) — 3bs(ay + a5) — 6agbs — 30a7by — 3bs — 6b7 =0,

36a1b14 + 2(as + aq)bis + (5as + 2a4)b1s + agay — 6a7(6ba + 3by + br) — 72b1g — 48b19 = 0,

60a1b13 + (9a2 + aq)bra + 2(asz — 24)b15 + 2(as — 6)b1g — 3agbs — agbg + 3aras + 360a5 =0,

6a1ag + a2(40 + big + 4b1o + 2bg) — az(24bs + 6by — 4b7) — asbe — 3ag(6by + by) — 180arzby — 36b7 =0,
9a1(3b14 + 4bs) + az(4b15 + 4b1g + 6bg) + asar — ag(9bs + 2bg) — arag — 42b19 — 12b12 =0,

3(4a1 — 1)b1a + 2a2(2b15 + b1g) + (a3 — 54)b1g + (a3 — 6)b1g + asbis — asbg + agag — 3aza1g =0,
2a1011 + 2asa12 — 2a3(b11 + 4ba) — 2by + agi3 — 2as5bs — ag(16be + 3by) — 120a7b1 — 48b11 — 2bg = 0,

where o] = b10+2b12+2b19, Qg = 10—b12—b6, Q3 = 10+2b10—b3+b6, Qg = 110—b10—b12—3b6, Q5 = 40—b10—6b3—b6,
ag = b5 +b1g+3bs +3bg, ay = 80 —byg+ 2b15 — 6b3 — 2bg, ag = 7T2by +9by + 6b7, cvg = 70— 4bs — bg, av1g = b1y +8bs + by,
ay1 = 6bis + 3b1s + 4bg, a1z = b1g + b12 + bie + big, and ay3 = 60 + big — be.

After the tedious calculations, we can find 32 sets of solutions and only 12 of them are independent. Thus twelve

classes of independent dark MKdV models are obtained. Here, we just list the extended equations for the scalar field
v and its related fifth order symmetry o°.

Class 1

U = a[Vges + 3b(uvy)y + 36700, ] + b[(ab® — 2)u® + (@ — V)ug, + 3abuu, v, (10a)
0V = cvsy + Bbcuvyy + 10bc(uy 4+ bu?)vpee 4+ 10bc(Ugpy + 3butiy + *u?) vy,
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+ 5bc(Upre + 4butiy, + 3bui + 6b%ulu, + b3u4)v1 + b[(c — Dugy + Bbcutiyyy
+10[beug + (b%c — D] ugy + 5(3b%c — 2)uu? + 10b°cuu, + (b'c — 6)u’]v, (10b)
where a, b, and c¢ are arbitrary constants.

Different from the dark KdV cases, for the scalar dark KdV extensions, there is no nontrivial free parameters.
When b = 0, the first class of the dark MKdV system is reduced to

up = 6(2u3 + Ugz), V= a@g(v) , (11)

which is just related to the Miura transformation of the completely decomposed case of the dark KdV equation given
by Kupershmidt.

Obviously, such decomposed system is available for any system of the vector fields anywhere. For the MKdV
hierarchy, we then have

=0(2u® + upy), v =a, 0" '(v), n€EN, a,=const., (12)
and all these are self-dual extensions.
Class 2
v = 4(Vga + 3auvy ), + 6[(2a° + 1)u® — Sug v, + [4a(a® + 1)u® + 6(2a® — ad + 1)uu, + 3(a — 8)uqg]v, (13a)
0¥ = 1605, +80auvs,+40[(4a—0)uy+ (40 +1)u?| vy +20[(8a—308) gy +6(4a” —ad+1)uug, +2a(4a”+3)u’ | vy,
+10[(8a—56)tgps+2(16a* —6ad+5 )ttty +(24a°—12a6+7)u’ +6(8a® —2a°5+6a—08)u’u, +(8a +12a* +3)u' v,
+ [15(a — 8)ua,+10(8a*—5a6 + 3)uttzre+10[2(8a* — 5ad + 3)u,+(16a>—6a°0+13a — 36)u|uys,
+60(4a® — 245 + 3a — 6)uu’+20(8a* —2a*5+12a*—3ad + 3)uPu,+8a(2a*+3)(a®+1)u’ v, (13b)
where a is an arbitrary constant and 6% = —1.
It is interesting that there is no dark KdV correspondence for nonzero a. When a = 0, Eq. (13a) is reduced to
U = e + 6U%0, + 6utgv — 60UV, — 30ULL Y, (14)
which is related to the Miura transformation of one of the known dark KdV system.
Class 3
v = (Vg + 3auv,), + 3(a® + 2)uv, + (a® 4+ 4)(au® + 3uy)uv, (15a)
0 = se + Bauvy, + 10[auy + (a® + DU vsee + 10[ate, + (36 + 4)uu, + ala® + 3)u’|vg,
+ 5[atges + 4(a® + 2)uty, + 3(a® + 2)ul + 2a(3a” + 11)u’u, + (a’ + 6a® + 6)u']v,
+ (a® + 4) [Buttyzs + 10(uy + at®)ug, + 15aun? + 10(a® + 3)uu, + a(a® + 6)u’]v, (15b)

with a free parameter a.
Clearly, there is no similar known results for the dark KdV equation for arbitrary a. When a = 0, Eq. (15a) can
be reduced to

UVt = Uggy + 6(u2v)1‘ ) (16)

which is just the symmetry equation of the MKdV. The symmetry coupling is valid dark extension for arbitrary
integrable systems.

Class 4
vy = (Vaw + 3auvy)y + 3(a® + 2)uv, + af(a® + 4)u” + 3au, | uv, (17a)
0" = vs, + bauvy, + IO[auz + (a2 + 1)u2]'umm + lO[aum + (3a2 + 2)uu, + a(a2 + 3)u3} Vg
+5[atges + 4(a® + Dtz + (3a® + 2)ul + 2a(3a” + 7)u u, + (a* + 6a® + G)Uﬂ Vg
+a [5autz, + 10[au, + (a® 4 2)u|ug, + 5(3a® + 4)uul + 10a(a” + 5)ulu, + (a® + 4)(a® + 6)u’]v, (17b)
where a is a free constant. There is also known correspondence for the dark KdV equation except for the special a = 0
case.

When a = 0, Eq. (17a) can be reduced to
UVt = VUggy + 6’[1/2’()9: 3 (18)

which is just the dual equation of the symmetry equation of the MKdV. The dual symmetry coupling is also valid dark
extension for all integrable systems.
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Class 5
v = (Vg + 3auvy), + 3[(a® + 1) + duy | vy + [a(a® + 1)u® + 3(a + 26)(a — 8)uuy + 3dug, v, (19a)
0’ = Usp+bauvys+5 [(2a+5)uz+(2a2+1)u2]vmm—l—f) [2(a—|—5)um—i—(6a2+3a5+4)uuz+a(2a2—|—3)u3} Vg
+5[(a + 28) e +4(a®+ad+1)ung, +(3a>+3ad+2)u’+(6a°+3a*5+11a+46)uu, +(a®+2) (a*+1)u] v,
+ [56usp+5(a®4+2a8 + 2)uttyre+5[(2a° + 3ad+2)u,+(2a*+2a*5+3a + 46)u*]uy,
+5(3a® + 35 + 4a + 88)uui+5(2a*+a*5+7a’+4ad + 8)uu,+a(a’+4)(a®+1)u’ v, (19b)
with free constant @ and §%2 = —1.
Except for a = 0 case, one has not yet found the similar results for the dark KdV system.

When a = 0, Eq. (19a) is reduced to
v = (Vg + 300 + 30uyv), (20)

which is the result of taking the Miura transformation of one known dark KdV system. The related dark KdV system
can be considered as the bosonisation of the fermionic supersymmetric KdV equation.

Class 6
v = (Vaw + 3auvy)y + 3[(a® + 1) + uy | v, + af(a® + 1)u® + 3(a + 6)uy | uv, (21a)
o’ = v5z+5auv4x—|—5[(2a+5)um+(2a2+1)u2}vmm—&—E) [(2a+5)um+(6a2+3a5+2)uux—|—5a(2a2+3)u3]fvm
+5[(a + 6)uges+2(20° +ad+1)ung, +3a(a+6)uz+(6a*+3a*5+Ta+48)uu, +(a®+2) (a*+1)ut] v,
+ a[5(a+6)utlyrp+5[2(a+0)us+(2a> +ad+1)u?ug, +15a(a+6)uu?+5(2a*+a*5+5a+46 ) uu,
+ (a® + 4)(a® + Du’]v, (21b)
with arbitrary constant a and §%2 = —1.

Only for the special a = 0 case, one can find a correspondence of the dark KdV equation.
When a = 0, Eq. (21a) can be reduced to

V¢ = VUgga + 3u2vm + 36Uz vy » (22)

which is just the dual equation of Eq. (20). The related dark KdV system can also be considered as the bosonisation
of a trivial fermionic supersymmetric KdV model.

Class 7
v = (Vgw + 3auvy)y + 3[(a® 4 2)u” + 26u, | v, + [a(a® + 4)u® + 3(a® + 2ad + 4)uu, + 66uy,]v, (23a)
o’ = v5z+5auv4m+10[(a—i—é)ux—i—(aQ—i—l)uz}vmm—HO[(a+25)um+(3a2+3a5+4)uux+a(a2+3)u3] Vg
+ 5[(a + 46)upge+4(a®+2a64+2) uttyy+(3a> +6ad+2)u2+2(3a>+3a*5+11a+60)u’ uy+(a* +6a°+6)u' | v,
+ [106us,+5(a’+4ad + 4)utiyz,+10[a(a + 36)u,+(a®+2a*5+4a + 66)u?|ug,
+5(3a® + 6a*6 + 8a + 246)uuZ+10(a*+a*0+7a°+6as + 12)u*u,+a(a®+4)(a*+6)u’]v, (23b)
where a is an arbitrary constant and 62 = —1.

Only for the special a = 0 case, we can find a correspondence of the dark KdV equation.
When a = 0, Eq. (23a) can be reduced to

v = (Vg + 6uv + 66u), (24)
which is the results of taking the Miura transformation of the KdV symmetry equation.
Class 8
vy = (Vgg + 3auvy), + 3[(@2 + 2)u? + 2(5u$]vw + a[(a2 +4)u® + 3(a + 25)ux]uv, (25a)

0¥ = U5z +bauvy,+5 [(a+6)uz+(a2+1)u2} vmm—HO[(a—l—é)um—l—(3a2—|—3a5—|—2)uuz+a(a2+3)u3} Vpa
+ 5[(a + 26)ugee+4(a®+ad+1)utg,+(3a+6ad —2)ul+2(3a’ 430”5+ Ta+68 ) u’uy+(a* +6a>+6)u' | v,
+ a[5(a+26)utiyz0+10[(a+26)uy+(a® +ad+2)uuge +15a(a+28)uu+10(a’ +a*5+5a+68)u’u,
+ (a®+4)(a®+6)u’]v, (25b)
where a is an arbitrary constant and 62 = —1.

Same as the class 8, for the special a = 0 situation, we can find a related model of the dark KdV system related to
the dual of the symmetry equation.
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When ¢ = 0, Eq. (25a) can be reduced to

U = Ugga + 60y + 60Uz v, (26)
which is just the dual equation of Eq. (24).
Class 9
vy = —2(Vge + 3auv,),—6[(a® + 1)’ + duy | v, —[2a(a® + 4)u® + 6(a® + ad + 2)uu,+3(a + 20)uq, | v, (27a)

o’ = —4v5z720auv4$720[(2a+5)uz+(2a2+1)uz]vmm—QO [2(a+5)um+(6a2+3a5+4)uum+a(2a2+3)u3] Vg
—10[(2a + 36)uzao+2(4a°+4ad+3)utizy+(6a*+6a5+5)u+2(6a°+3a?5+11a+6)u’uy+(2a* +6a>+1)u] v,
—[5(a+268)uss + 10(20°+3a6 + 2) Uty +10[2(2a% + 3a6 + 2)uy+(4a® + 4a*54+9a+26)u*]ug,
+20(3a3+3a25+T7a+26)uu? +20(2a* +-a35+7a* +-ad+2)udu, + 4a(a®+4)(a*+1)u’]v, (27Db)

where a is an arbitrary constant and 62 = —1.
Only for the a = 0 case, we can find a dark KdV correspondence, the socalled mysterious dark KdV equation.

Thus we can call the class 9 the general mysterious dark MKdV system and call the special case for a = 0 as the
mysterious dark MKdV equation which possesses the form (4) and

vy = —2(Vge + 3u%V + 30Uu0) . (28)
which is the mysterious equation of MKdV (4).
Class 10
vy = —2(Vgp + 3auvy)y — 6[(a® + 1) + uy | v, — a[2(a® + 4)u® + 6(a + §)uu, + 3ug,]v, (29a)

o’ = f4v5z720auv4z720[(2a+5)uz+(2a2+1)u2]vmzfQO[(2a+5)um+(6a2+3a6+2)uuz+a(2a2+3)u3]vm
—10[(2a + 0) Uz +2(4a*+2ad+1)utty, +(6a°+6ad+1)u2+2(6a>+3a°0+7a+0)uuy+(2a* +6a*+1)u*| v,
—ct[5U4Jc + 10(2a46) Ut ppe +10[4(a + 6)uy+(4a>+2a04+5)u? Uz
+60(a” + ad+1)uui+20(2a® + a®6+5a+0)uu, + 4(a®+4)(a®+1)u’]v, (29b)
where @ is an arbitrary constant and 62 = —1.

The special a = 0 case
v = —2(Vgaa + 3u v, + 30uv,) , (30)

is the dual form of the mysterious dark MKdV equation.
Class 11
v = (Vgw + 3aun, ), + 3(a® + 1)uv, + (a® + 1) (au® + 3u, )uv, (31a)
0" = vs, + bauvy, +5 [Qaux + (2a* + 1)u2]vwm + 5[2aum + 3(2a” + Duu, + a(2a* + 3)u3} Vpa
+ 5[atges + (40° + 3)utizs + (3a® + 2)ul + 3a(2a” + 3)ulu, + (a® + 2)(a® + Dut]v,
+ (a® + 1) [Butiges + 10(uy + au®)ug, + 15auul + 10(a® + 2)u’u, + a(a® + 4)u’ v, (31b)
where a is an arbitrary constant. It should be mentioned that there is no known correspondence of dark KdV case
even for any fixed constant.

When a = 0, Eq. (31a) is reduced to
Vp = Vgpe + 3U0, + Suugv, (32)

which is the bosonization of fermion field 7 and self-dual.

Class 12
vy = 2(u? + Suy)v, + a(u? + dug) v, (33a)
o’ =2 [5umz + Uty — ug + 60uuy, + 3u4]vm + a[&um + 2Utgpy + 60U Uy + 12uug26 + 12u3uz]v , (33Db)
where a is free and §% = —1.

The class is just the Miura transformation of the first order dark KdV extension.

3 Recursion Operators of the Dark MKdV Equations

Usually, the existence of higher order symmetries may imply the possibility of the infinitely many symmetries.
However, to guarantee the existence of infinitely many higher order symmetries, it is necessary to find a recursion
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operator or a master-symmetry such that infinitely many higher order symmetries can be obtained systematically. In
this section, we write down the recursion operators of two class of dark MKdV.

The construction of the recursion operator of a given integrable system is not an easy task. A lot of works are devoted
to this subject. Based on the Lax representation, some of the authors utilized eigenvalue equation for the squared
eigenfunctions of the Lax operator to construct recursion operator,['8=22 others[?3—26] used Hamiltonian operators to
realize it. Moreover, a simple, effective method[?”) for constructing the recursion operator has been proposed when
the Lax representation is given. However, for the dark equations, the corresponding Lax representations are unknown.
Here, on the basis of the known symmetries, the recursion operators of the first two classes of dark equations are
directly constructed.

Take Class 1 as an example, the first order symmetry is

oy = Uz, 0 =10z, (34)
the third order symmetry is
04 = Upay + 60 u,, of = ¢[vage + 3b(uvy)y + 3b2u2vx] +b[(a — 1)ugq + 3bcuu, + (b%c — 2)u3]v, (35)
and the fifth order symmetry is
05 = Usg + 10Uty + 40Uty Uy + 10u§’: + 30utuy, , (36a)

o8 = dvsy + 5bduvy, + 10bd(u, + bu?)vppe + 10bd (e + 3butiy + b2u3)v,,
+ 50d(Ugzz + dbUtipy + 3bu2 + 6b%u u, + b3ut)v, + b[(d — 1Dugy + 5bdutiyyy
+10(bduy, + (b*d — 1)u?)ugy + 5(3b%d — 2)uu? + 106°duPu, + (b*d — 6)u’]v. (36b)
By virtue of these symmetries and the properties of MKdV, we assume that the strong symmetry R is of the form:
R 0
R= (g o) (37)
Ro1 Rao
where
Ri1 = 02 + 4u® + 4u,0; ', (38)
is just the recursion operator of the MKdV equation, and
Ro1 = 107 + (cou + ¢30)0y + (caiy + c5v, + cou’ + c7v* 4 cguv) + [CQU/B + crpulv
+ ernuv® + c120® + (c13u 4 €140)ug + (15U 4 €160) Vg + Cl7les + C18040) 0 '
+ [clqu + coouv + 021112 + CooU, + czng] 8;1u + [cz4u2 + Cosuv + (326112 + Corly
+ czgvz} 07 0 4 (caou + €300)0; u? + (cz1u 4 ¢300)0; Luv + (e33u + c34v)9; 1v?
+ e350,  u® 4 360, utv + c370, fuv? + 3z, M0 4 300, Mg 4 ca00, tun, . (39)
Meanwhile, Roo is same as Ro; by replacing ¢; with dj;, where ¢; and d; (j =1,2,...,40) are undetermined constants.
According to the definition of strong symmetry, we have

*()= () =(2)-() =
01 03 g3 05
After the tedious calculations with Maple, we get
Ro1 = b[(c — 1)v0y + 2¢(vy + buv) + ¢[vge + b(uv), + bu(v, + buv)| 05 — dwwd; '] (41)
Rao = ¢[02 + b*u® + b(ud, + du)] (42)

with the constraint d = ¢2.

Next, it is need to verify that strong symmetry R is just the recursion operator of the dark equation. That is to
say, we need to prove that R has the property of heredity. The only thing we need to do is to prove that R is also the
strong symmetry of the corresponding higher order flows. One of the higher order flows of dark equation (4) and (10a)
is

Uy = Usy + 10U Uy + 40UL UL, + 10U + 30utu, , (43)

v = dv5x+5bduv4m+1Obd(um+bu2)vmm—|—1Obd(um—|—3buux+b2u3)vm
—|—5bd(umx—|—4buum—|—3bui+6b2u2ux—|—b3u4)vx+b[(d—l)U4x—|—5bduuxm
+10(bdug+(b*d—1)u* )tz +5(3b°d—2)uuZ +10b> duu, + (b d—6)u’] v . (44)
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Proceeding as before, it is not difficult to verify that R with Eqs. (38), (41), and (42) is also the strong symmetry
of Egs. (43) and (44). Thereby, the recursion operator R of Class 1 is given. The exist of R indicates that the dark
equation of Class 1 has an infinite set of symmetries and conserved quantities.

In the same way, the recursion operator of Class 2 is

R21=3(a—0)v0,+2(4a—68)v,+(4a*—ad + 3)uv|+4[av,,+2a°uv,+a(a—8)vu,+a(a®+1)uv] 0, ' +4v,0; 'u,  (45)

Roo=4[02 + 2aud, + (a — 0)u, + (a® + 1)u?] .

(46)

This method of constructing recursion operator can also | sesses a further free parameter. Except for the last first

be applied to the rest ten dark equations, we do not con-
sider them here.

4 Summary and Discussion

In summary, a complete classification of the dark
MKAV systems with scalar extension has been given. The
results show that there are twelve classes of dark MKdV
equations, which are all integrable coupling systems un-
der meaning that they possess higher order symmetries.
Furthermore, the recursion operators of the former two
classes of dark MKdV equations are explicitly given.

It is quite remarkable that the dark MKdV systems
are quite different from the Miura transformations of the
dark KdV systems. Firstly, there are only nine classes
for the dark KdV systems while there twelve sets of dark
MKdV equations. For the Classes 3, 4 and 11, there is no
known dark KdV partner.

Secondly, every class of the dark MKdV equation pos-

order system, eight classes of dark MKdV systems linked
with the Miura transformations of the dark KdV systems
only for the special cases by vanishing theses free param-
eters.

From the discovery of the dark MKdV and dark KdV
systems, one can explore various open problems to fur-
ther investigate. Especially, the close relations dark equa-
tions, super (Kuper) systems, supersymmetric systems
and other non-decoupled systems are worthy of investi-
gation.

The linear homogeneous extensions have been dis-
cussed in this paper, the linear inhomogeneous or the non-
linear extensions will be investigated in our further work.
In addition, the explicit solutions of the generalized dark
equations will be produced through the famous methods,
such as symmetry reduction method, the Hirota bilinear
method, Darboux transformation, Painlevé analysis and
SO on.
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