
Reductions of Darboux Transformations for the PT -Symmetric
Nonlocal Davey-Stewartson Equations

Bo Yang a,b, Yong Chen a,b,∗

aShanghai Key Laboratory of Trustworthy Computing, East China Normal University, Shanghai, 200062, People’s Republic of China
bMOE International Joint Lab of Trustworthy Software, East China Normal University, Shanghai, 200062, People’s Republic of China

Abstract

In this letter, a study of the reductions of the Darboux transformations(DTs) for the PT -symmetric nonlocal Davey-
Stewartson(DS) equations is presented. Firstly, a binary DT is constructed in integral form for thePT -symmetric nonlocal
DS-I equation. Secondly, an elementary DT is constructed in differential form for the PT -symmetric nonlocal DS-II
equation. Afterwards, a new binary DT in integral form is also found for the nonlocal DS-II equation. Moreover, it is
shown that the symmetry properties in the corresponding Lax-pairs of the equations are well preserved through these DTs.
Thirdly, based on above DTs, the fundamental rogue waves and rational travelling waves are obtained.
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1. Introduction

In the last several years, PT -symmetric systems which allow for lossless-like propagation due to their balance of
gain and loss have attracted considerable attention and triggered renewed interest in integrable systems. These nonlocal
integrable equations are different from local integrable equations and could produce novel patterns of solution dynamics
and intrigue new physical applications [1–17]. As an integrable multidimensional versions of the nonlocal nonlinear
Schrödinger equation, a new integrable nonlocal Davey-Stewartson (DS) equation is recently introduced in Refs.[7, 10]:

iut +
1
2
α2uxx +

1
2

uyy + (uv − w)u = 0, (1)

wxx − α2wyy − 2 [(uv)]xx = 0, (2)

where v(x, y, t) = ϵū(−x,−y, t), ϵ = ±1. u, v and w are functions of x, y, t, α2 = ±1 is the equation-type parameter (α2 = 1
being the DS-I and α2 = −1 being DS-II). Here the sign ū represents the complex conjugation of this function, and ϵ is
the sign of nonlinearity. For this equation, the corresponding auxiliary linear system has the form as

LΦ = 0, L = ∂y − J∂x − P, (3)

MΦ = 0, M = ∂t −
2∑

j=0

V2− j∂
j = ∂t − iα−1J∂2

x − iα−1P∂x − α−1V, (4)

J = α−1

 1 0
0 −1

 , P =

 0 u
−v 0

 , V =
i
2

 ω1 ux + αuy

−vx + αvy ω2

 , (5)

with
w = uv − 1

2α
(ω1 − ω2). (6)

The compatibility condition means that [L,M] = 0 if and only if u, v,w satisfy the DS system.
For the local DS equations, several forms of Darboux transformations are given in [18, 21–23]. Especially, for the

local DS-II equation, a new reduction of DT is given in [18], and the solutions are expressed in terms of Grammian type
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determinants. In this PT -symmetric nonlocal DS system, a binary DT is constructed for the nonlocal DS-I equation, and
an elementary DT is obtained for the nonlocal DS-II equation. Moreover, inherited from the idea proposed in [18], a new
binary DT in integral form for the nonlocal DS-II equation is also proposed under certain reductions.

This letter is organized as follows. In section 2, for the PT -symmetric nonlocal DS-II equation, an elementary DT in
differential form and a new binary DT in integral form are constructed. In section 3, for the PT -symmetric nonlocal DS-I
equation, the elementary DT is not enough, so we construct a binary DT in integral form. In addition, all the symmetry
properties in the corresponding Lax-pairs are shown to be well preserved through these DTs. Moreover, as applications of
these DTs, with certain reductions on the eigenfunctions and parameters in our DT procedure, some interesting solutions
are obtained and discussed in section 4, including rogue waves and rational travelling waves.

2. Darboux transformations for the PT -symmetric nonlocal DS-II equation

As we known, the local DS-II equation possess a Darboux transformation in differential form. Moreover, for the
partially PT -symmetric nonlocal DS-II equation, a differential form DT has been constructed in [12]. For this PT -
symmetric nonlocal DS-II equation, one can also constructs Darboux transformation in the differential form.

It is already shown in [24] that for any invertible matrix θ such that L(θ) = M(θ) = 0, the operator

Gθ = θ∂θ−1, ∂ = ∂x, (7)

makes L and M form invariant under the elementary Darboux transformation:

L→ L̃ = GθLG−1
θ , M → M̃ = GθMG−1

θ .

The potential matrix P in (3)-(4) satisfies the following symmetric reduction

−σϵP(x, y, t)σ−1
ϵ = P(−x,−y, t), σϵ =

 0 ϵ

1 0

 . (8)

Considering the following zero curvature condition:

Pt − V2,y + [P,V2] + ∆ = 0, (9)

where ∆ = JV2,x − iα−1PPx − iα−1JPxx. This equation is deduced from the compatibility condition. Therefore, with
the uniqueness of V2 in the lax-pair, it leads to: σϵV2(x, y, t)σ−1

ϵ = V2(−x,−y, t). Moreover, these give rise to the same
symmetry constraint in operators L and M:

−σϵLσ−1
ϵ = L(x→−x, y→−y), σϵMσ−1

ϵ = M(x→−x, y→−y). (10)

Supposing θc =
(
ξ(x, y, t), η(x, y, t)

)T
is a vector solution of equations (3)-(4), then it is inferred from symmetry

(10) that σϵθc =
(
−ϵη̄(−x,−y, t), ξ̄(−x,−y, t)

)T
also satisfies these equations. Hence θ = (θc, σϵθc) can be chosen as the

solution matrix, and it admits the following symmetry

θ(x, y, t) = σϵθ(−x,−y, t)σ−1
ϵ . (11)

Since the n-fold DT is nothing but a n-times iteration of one-fold DT, so the elementary DT is merely considered here.
With the action of elementary DT, a relation between the potential matrices is obtained as:

P̃ = P + [J, S ], S = θxθ
−1, (12)

Ṽ2 = V2 + V1,x + 2V0S x + [V0, S ]S + [V1, S ]. (13)

Thus, with relation (11)-(12), one can verify that Gθ keeps the symmetry (8) invariant in the new potential matrix P̃:

−σϵ P̃(x, y, t)σ−1
ϵ = P̃(−x,−y, t),
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and one can also verify the symmetry in matrix Ṽ2(x, y, t) through (13), which is σϵ Ṽ2(x, y, t)σ−1
ϵ = Ṽ2(−x,−y, t). These

imply that symmetry (10) are well preserved in the new operators L̃ and M̃. Moreover, the Bäcklund transformations
between potentials for the PT -symmetric nonlocal DS-II equation are:

ũ = u + 2α−1S 1,2, (14)

w̃ = w − 2α2[tr(S )]x = w − 2α2[ln(det(θ))]xx, (15)

here the subscript 1,2 stands the row 1 and column 2 element in matrix S , and tr is the trace of a matrix.
Ref. [18] proposes a new DT in terms of Grammian type determinants of solutions for the local DS-II equation.

Inspired by this work, we can also construct a new Darboux transformation in integral form for this equation, i.e., the
binary Darboux transformation (BDT). The standard BDT scheme was introduced in [21]. Especially, for this operator L,
a standard BDT has been constructed in [24], which can be written explicitly as

Gθ,ϕ = I − θΩ−1(θ, ϕ)∂−1ϕ†, Ω(θ, ϕ) = ∂−1(ϕ†θ), (16)

where θ satisfy L(θ) = 0, and ϕ admits the (formal) adjoint operator: L†(ϕ) = 0. Then the operator

L̂ = Gθ,ϕLG−1
θ,ϕ (17)

can be directly verified to be a new operator which has the same form as L, and so is for M̂. Furthermore, this Darboux
transformation makes sense for any m × k matrices θ and ϕ, and we only need Ω(θ, ϕ) to be an invertible square matrix.
By the combination of an elementary DT with its inverse [24], one derive the new potential matrix:

P̂ = P + [J, θΩ−1(θ, ϕ)ϕ†]. (18)

Next, to reduced (16) to the BDT for the partially PT -symmetric nonlocal DS-II equation, some special reductions
on the eigenfunction and the adjoint-eigenfunction must be taken, separately, which are

(σϵ)θ(x, y, t) = θ(−x,−y, t), (19)

(σϵ)ϕ(x, y, t) = ϕ(−x,−y, t). (20)

With this condition, it can be directly verified that matrix P̂ also keeps symmetry (8) (and the same for V̂2):

−σϵ P̂(x, y, t)σ−1
ϵ = P̂(−x,−y, t),

noticing the variable x → −x in the integral operator ∂−1. Therefore, the new operator L̂ and M̂ keeps the symmetry (8)
as well. Moreover, the Bäcklund transformations between potentials for the nonlocal DS-II equation are

û = u + α−1[θΩ−1(θ, ϕ)ϕ†]1,2, (21)

ŵ = w + 2α−2[tr(θΩ−1(θ, ϕ)ϕ†)]x. (22)

3. Binary Darboux transformation for the PT -symmetric nonlocal DS-I equation

In this section, we construct the corresponding Darboux transformation for the PT -symmetric nonlocal DS-I equation
(when α2 = 1). Firstly, it is noticed that potential matrices P and V2 have the following symmetry properties:

κP(−x,−y, t)†κ−1 = P(x, y, t), κV2(−x,−y, t)†κ−1 = −V2(x, y, t) + iαPx(x, y, t), κ =

 1 0
0 −ϵ

 . (23)

Afterwards, symmetry (23) can be further transmitted to operators L and M:

κL†κ−1 = L(x→−x,y→−y), κM†κ−1 = −M(x→−x,y→−y). (24)
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However, in this case, one can not find a suitable matrix solution θ to construct the elementary DT in the differential
form as (7) to preserve this constraint (23). In order to overcome this problem one still need to use the binary Darboux
transformation, which the standard form has already been given by (16) and (18) in section 2. Now, to reduced them to
the BDT for the PT -symmetric nonlocal DS-I equation, the eigenfunction and adjoint eigenfunction are needed to satisfy
the following relation

ϕ(x, y, t) = κθ(−x,−y, t). (25)

With condition (25), it can be verified that the new potential matrix in (18) indeed preserves the symmetry:

κP̂(−x,−y, t)†κ−1 = P̂(x, y, t),

and so is for V̂2, and also for the new operators L̂ and M̂. Therefore, in this reduction, the binary DT becomes the one for
the PT -symmetric nonlocal DS-I equation. Moreover, under reduction (25), the Bäcklund transformations for generating
new solutions in this equation are also given by (21)-(22).

4. Rational solutions from special parameters reductions

In this section, as an concrete example of the application on above DT reduction, we intent to generate some rational
solutions for the PT -symmetric nonlocal DS systems.

First of all, the general form of eigenfunction θ(x, y, t) solved from the system (3)-(4) when the initial potential solution
u is taken as a real constant ρ is

θ(x, y, t) =

 ξ1(x, y, t)
η1(x, y, t)

 =  ρ1 exp
[
ω1(x, y, t)

]
λ1ρ1
ρ

exp
[
ω1(x, y, t)

]  , ω1(x, y, t) = α1x + β1y + γ1t, (26)

α1 = −
1
2
α

(
λ1 +

ϵρ2

λ1

)
, β1 =

1
2

(
λ1 −

ϵρ2

λ1

)
, γ1 = iα−1α1β1, λ1 = r1 exp (iφ1) ,

where r1, φ1 and ρ are free real parameters, ρ1 is set to be complex. Since ρ here stands for the constant background, it is
set as ρ = 1 in the following discussion.

Generally, to derive rational type solutions, one needs to take derivative to parameter φ1, and this can subtract polyno-
mials from the original eigenfunction. Thus, a more general eigenfunction can be defined through superposition principle:

θ1(x, y, t) := C1θ(x, y, t) + C2∂φ1θ(x, y, t), C1,C2 ∈ C. (27)

In addition, to apply the binary DT formula, the adjoint eigenfunction ϕ(x, y, t) is still needed. For the nonlocal DS-I
equation, it only needs us to choose adjoint eigenfunction according to the reduction given in (25). For the nonlocal DS-II
equation, because u is a real constant in L and M, it leads the following symmetry property:

τϵL†τ−1
ϵ = −L(t→−t), τϵM†τ−1

ϵ = M(t→−t), τϵ =

 1 0
0 ϵ

 , (28)

which can be used to construct solution for the adjoint operator. Actually, assuming ϕ(x, y, t) satisfying L†(ϕ) = M†(ϕ) =
0, then by using (28), we get L

(
τϵϕ(x, y,−t)

)
= M

(
τϵϕ(x, y,−t)

)
= 0. Therefore, in this case, the general adjoint-

eigenfunction is constructed as (27) with

ϕ1(x, y, t) = τϵθ1
(
x, y,−t, r1 → r̂1, φ1 → φ̂1, ρ1 → ρ̂1,C1 → Ĉ1,C2 → Ĉ2

)
,

i.e., changing all the free parameters in wave-function θ1 into a new set of parameters.
Moreover, to make functions θ1 and ϕ1 satisfying the reductions proposed in (19)-(20), one still needs some parameters

to meet the certain conditions:
ϵ = 1, r1 = r̂1 = 1, C1,C2, Ĉ1, Ĉ2 ∈ R. (29)
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For example, with condition (29) and taking C2 = Ĉ2 = 0 in formula (21), we derive a linear rogue wave solution for
the nonlocal DS-II equation, which can be simplified into the form:

uII = 1 − i
ix sinφ + iy cosφ − 2t cos 2φ + C1

. (30)

When t → −∞, this solution approaches the constant background u = 1, and the singularity of this solution occurs at a
critical time tc = C1

2 cos 2φ with (x, y) = (0, 0) on the spatial plane.

Furthermore, if C2 and Ĉ2 are taken not to be zero (here they all taken to be one for convenience), it generates the
fundamental line rogue wave with three free real parameters. After a shifting of time: t → t̂ = t − C1−Ĉ1

4 cos 2φ with changes of

parameters: C1 → x̂0 =
C1

2 sinφ , Ĉ1 → ŷ0 =
Ĉ1

2 sinφ , this solution can be written in a more compact form:

uII = 1 +
4 + 16it̂ cosφ

1 + 4
[
(x − ix̂0) sinφ + (y − iŷ0) cosφ

]2
+ 16t̂ 2 cos2 φ

, (31)

as one could easily see, if x̂0 = ŷ0 = 0, solution (31) degenerates into the fundamental line rogue wave for the local DS-II
equation, which is obtained in [19] via the KP reduction. The graphs of our rogue waves are qualitatively similar to those
in the local DS equation, so they won’t be exhibited here. In this solution, two new parameters x̂0, ŷ0 are contained which
could dominate the singularities for the solution, to be exactly:
(i). when φ = kπ

2 (k = 0,±1,±2, · · · ), solution (31) becomes singular at x = 0 with x̂0 = ±1/2,
(ii). When φ , kπ

2 (k = 0,±1,±2, · · · ), if (x̂0 sinφ + ŷ0 cosφ)2 ≥ 1, then solution (31) becomes singular at critical time

point: t̂c = ±
√

(x̂0 sinφ+ŷ0 cosφ)2−1
4 cosφ and locate at: x sinφ + y cosφ = 0 on the spatial plane.

Moreover, for the PT -symmetric nonlocal system, the general rogue waves formulas have been studied in [14] by
using the Hirota bilinear method. It has been shown that our new binary DT reduction can reproduced the fundamental
rogue waves in the nonlocal DS-II equation.

Next, for the nonlocal DS-I equation, if one takes φ = π/2 with C2 = 1 in (18) with (25), it produce a rational solution:

uI = 1 − 2L1L2

L1L2 − ir2
1(L1 + L2)

, (32)

where,

L1 = −r3
1(x − y) − ϵr1(x + y) + 2(r4

1 + 1)t + r2
1 (i − 2C1) ,

L2 = r3
1(x − y) + ϵr1(x + y) + 2(r4

1 + 1)t + r2
1

(
i − 2C1

)
.

Figure 1: The dark and anti-dark rational travelling waves interactions in the PT -symmetric nonlocal DS-II equation with parameters chosen from (32)
with ϵ = 1,C1 = i, r1 = 2.

By analysing its denominator, we find that if Im(C1) , 0, this solution is a nonsingular rational travelling wave. If
Im(C1) = 0, it becomes a singular solution. Therefore, by choosing certain values in parameter C1, we derive travelling
waves with different dynamic patterns. Here we choose one of them and show the time evolution for this solution in Fig.1.
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5. Conclusions

In conclusion, we study the reductions of Darboux transformations for thePT -symmetric nonlocal DS system. For the
PT -symmetric nonlocal DS-I equation, we find its binary Darboux transformation with a suitable reduction which relates
the eigenfunction and the adjoint-eigenfunction that can preserve the symmetry property of the Lax operator. For the PT -
symmetric nonlocal DS-II equation, we first propose a reduction for an elementary DT in the differential form. Then, a
new reduction is also found, which leads to a binary DT in the integral form. Especially, the eigenfunction and the adjoint
eigenfunction are totally independent in this reduction. Moreover, as applications for these Darboux transformations, the
fundamental rogue waves and rational travelling waves are constructed for these two nonlocal systems, respectively. Since
partially PT -symmetric physical systems has been shown possible applications in optics. We expect our results could
have interesting applications for PT -symmetric in multi-dimensions.

Acknowledgment

The project is supported by the Global Change Research Program of China (No.2015CB953904), National Natural
Science Foundation of China (No.11675054 and 11435005), and Shanghai Collaborative Innovation Center of Trustwor-
thy Software for Internet of Things (No. ZF1213). The work of B.Y. is supported by a visiting-student scholarship from
the Chinese Scholarship Council.

References

[1] M.J. Ablowitz and Z.H. Musslimani, Integrable nonlocal nonlinear Schrödinger equation, Phys. Rev. Lett. 110, 064105 (2013).
[2] M.J. Ablowitz and Z.H. Musslimani, “Integrable discrete PT -symmetric model”, Phys. Rev. E 90, 032912 (2014).
[3] A. Khara and A. Saxena, “Periodic and hyperbolic soliton solutions of a number of nonlocal nonlinear equations”, J. Math. Phys. 56, 032104

(2015).
[4] Z. Yan, “Integrable PT -symmetric local and nonlocal vector nonlinear Schrödinger equations: A unified two-parameter model,” Appl. Math. Lett.

47, 61–68 (2015).
[5] M.J. Ablowitz and Z.H. Musslimani, “Inverse scattering transform for the integrable nonlocal nonlinear Schrödinger equation,” Nonlinearity 29,

915–946 (2016).
[6] C.Q. Song, D.M. Xiao and Z.N. Zhu, “Solitons and dynamics for a general integrable nonlocal coupled nonlinear Schrödinger equation”, Commun.

Nonlinear Sci. Numer. Simul. 45, 13–28 (2017).
[7] A.S. Fokas, “Integrable multidimensional versions of the nonlocal nonlinear Schrödinger equation”, Nonlinearity 29, 319–324 (2016).
[8] S.Y. Lou, “Alice-Bob systems, Ps-Td-C principles and multi-soliton solutions”, arXiv: 1603.03975 (2016).
[9] S.Y. Lou and F. Huang, “Alice-Bob physics: coherent solutions of nonlocal KdV systems”, Scientific Reports 7, 869 (2017).

[10] M.J. Ablowitz and Z.H. Musslimani, “Integrable nonlocal nonlinear equations”, Stud. Appl. Math. DOI: 10.1111/sapm.12153 (2016).
[11] Z.X. Zhou, “Darboux transformations and global solutions for a nonlocal derivative nonlinear Schrödinger equation”, arXiv:1612.04892 (2016).
[12] Z.X. Zhou, “Darboux transformations and global explicit solutions for nonlocal Davey-Stewartson I equation”, arXiv:1612.05689 (2016).
[13] J.G. Rao, Y.S. Zhang, A.S. Fokas, and J.S. He, “Rogue waves of the nonlocal Davey-Stewartson I equation” (preprint 2016).
[14] J.G. Rao, Y. Cheng and J.S. He, “Rational and semi-rational solutions of the nonlocal Davey-Stewartson equations”, Stud. Appl. Math. DOI:

10.1111/sapm.12178 (2017).
[15] J.L. Ji and Z.N. Zhu, “On a nonlocal modified Korteweg-de Vries equation: integrability, Darboux transformation and soliton solutions”, Commun.

Nonlinear Sci. Numer. Simul. 42 699–708 (2017).
[16] L.Y. Ma, S.F. Shen and Z.N. Zhu, “Integrable nonlocal complex mKdV equation: soliton solution and gauge equivalence”, arXiv:1612.06723

(2016).
[17] V. S. Gerdjikov and A. Saxena, “Complete integrability of nonlocal nonlinear Schrödinger equation”, J. Math. Phys. 58, 013502 (2017).
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