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Bright-Dark Mixed 𝑁 -Soliton Solution of the Two-Dimensional Maccari System ∗
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The general bright-dark mixed 𝑁 -soliton solution of the two-dimensional Maccari system is obtained with the KP
hierarchy reduction method. The dynamics of single and two solitons are discussed in detail. Asymptotic analysis
shows that two solitons undergo elastic collision accompanied by a position shift. Furthermore, our analysis on
mixed soliton bound states shows that arbitrary higher-order soliton bound states can take place.
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The two-dimensional Maccari system is of the
form[1]

𝑖𝐴𝑡 + 𝐴𝑥𝑥 + 𝐿𝐴 = 0, (1)
𝑖𝐵𝑡 + 𝐵𝑥𝑥 + 𝐿𝐵 = 0, (2)
𝐿𝑦 = (𝐴𝐴* + 𝜇𝐵𝐵*)𝑥, (3)

where 𝜇 ̸= 0,±1 is a real constant, 𝐴(𝑥, 𝑦, 𝑡) and
𝐵(𝑥, 𝑦, 𝑡) are complex while 𝐿(𝑥, 𝑦, 𝑡) is real, and
the asterisk means complex conjugate. This sys-
tem is usually used to describe the motion of iso-
lated waves, localized in a small part of space, in
some fields such as plasma physics, nonlinear op-
tics and hydrodynamics. It reduces to the nonlin-
ear Schrödinger (NLS) equation[2] when 𝑦 = 𝑥. The
reduction 𝑦 = 𝑡 leads to the system of the coupled
long-wave resonance equation.[3] When 𝐴 = 𝐵*, it
becomes the so-called simplest (2+1)-dimensional ex-
tension of the NLS equation introduced by Fokas.[4]

Many studies have been carried out on this system.
Uthayakumar et al.[5] have studied the integrabil-
ity property of Eqs. (1)–(3) using singularity struc-
ture analysis. Based on the technique of coalescence
of wavenumbers, its two-dromion solutions were ob-
tained by Lai and Chow.[6] By means of the variable
separation approach,[7−9] many coherent soliton struc-
tures such as dromions, breathers, foldon and solitoff
were obtained by Zhang et al.[10,11] Most recently,
Yuan et al.[12] constructed various rational solutions
of Eqs. (1)–(3) through Hirota’s bilinear method.

The goal of this work is to construct the mixed
𝑁 -soliton solution of Eqs. (1)–(3) via the KP hierar-
chy reduction method. The KP hierarchy reduction
method was first developed by the Kyoto school,[13]

and has been widely used to derive soliton[14−17] and
rogue wave[18,19] solutions of many integrable systems.
Assuming that the 𝐴 component is of bright type and
the 𝐵 component is of dark type, the following depen-

dent variable transformations are introduced,

𝐴 =
𝑔

𝑓
, 𝐵 = 𝜌𝑒𝑖(𝛼𝑥−𝛼2𝑡) ℎ

𝑓
, 𝐿 = 2(log 𝑓)𝑥𝑥, (4)

where 𝑓(𝑥, 𝑦, 𝑡) is real, 𝑔(𝑥, 𝑦, 𝑡) and ℎ(𝑥, 𝑦, 𝑡) are com-
plex, 𝛼 and 𝜌 are two real constants. Then the two-
dimensional (2D) Maccari system (1)–(3) can be con-
verted into the bilinear form

(𝐷2
𝑥 + 𝑖𝐷𝑡)𝑔 · 𝑓 = 0, (5)

(𝐷2
𝑥 + 2𝑖𝛼𝐷𝑥 + 𝑖𝐷𝑡)ℎ · 𝑓 = 0, (6)

𝐷𝑥𝐷𝑦𝑓 · 𝑓 = 𝑔𝑔* − 𝜇𝜌2(𝑓2 − ℎℎ*), (7)

where 𝐷 is the usual Hirota bilinear operator.[20]

Consider the Gram determinant tau functions of a
two-component KP hierarchy

𝜏0(𝑘) =

⃒⃒⃒⃒
𝐴 𝐼
−𝐼 𝐵

⃒⃒⃒⃒
, 𝜏1(𝑘) =

⃒⃒⃒⃒
⃒⃒ 𝐴 𝐼 ΩT

−𝐼 𝐵 0T

0 −Ψ̄ 0

⃒⃒⃒⃒
⃒⃒ ,

𝜏−1(𝑘) =

⃒⃒⃒⃒
⃒⃒ 𝐴 𝐼 0T

−𝐼 𝐵 ΨT

−Ω̄ 0 0

⃒⃒⃒⃒
⃒⃒ , (8)

where 𝐼 is an 𝑁 × 𝑁 identity matrix, 0 is an 𝑁 -
component zero-row vector, 𝐴 and 𝐵 are 𝑁 ×𝑁 ma-
trices, and Ω , Ψ , Ω̄ and Ψ̄ are 𝑁 -component row
vectors whose elements are given respectively by

𝑎𝑖𝑗(𝑘) =
1

𝑝𝑖 + 𝑝𝑗

(︁
− 𝑝𝑖 − 𝑐

𝑝𝑗 + 𝑐

)︁𝑘

𝑒𝜉𝑖+𝜉𝑗 ,

𝑏𝑖𝑗 =
1

𝑞𝑖 + 𝑞𝑗
𝑒𝜂𝑖+𝜂𝑗 ,

Ω = (𝑒𝜉1 , 𝑒𝜉2 , . . . , 𝑒𝜉𝑁 ), Ψ = (𝑒𝜂1 , 𝑒𝜂2 , . . . , 𝑒𝜂𝑁 ),

Ω̄ = (𝑒𝜉1 , 𝑒𝜉2 , . . . , 𝑒𝜉𝑁 ), Ψ̄ = (𝑒𝜂1 , 𝑒𝜂2 , . . . , 𝑒𝜂𝑁 ),
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with

𝜉𝑖 =
1

𝑝𝑖 − 𝑐
𝑥−1 + 𝑝𝑖𝑥1 + 𝑝2𝑖𝑥2 + 𝜉𝑖0, 𝜂𝑖 = 𝑞𝑖𝑦1 + 𝜂𝑖0,

𝜉𝑗 =
1

𝑝𝑗 + 𝑐
𝑥−1 + 𝑝𝑗𝑥1 − 𝑝2𝑗𝑥2 + 𝜉𝑗0, 𝜂𝑗 = 𝑞𝑗𝑦1 + 𝜂𝑗0,

in which 𝑝𝑖, 𝑝𝑗 , 𝑞𝑖, 𝑞𝑗 , 𝜉𝑖0, 𝜉𝑗0, 𝜂𝑖0, 𝜂𝑗0 and 𝑐 are
complex constants. Based on the Sato theory for KP
hierarchy,[13] the tau functions (8) satisfy the bilinear
equations

(𝐷2
𝑥1

−𝐷𝑥2)𝜏1(𝑘) · 𝜏0(𝑘) = 0, (9)
(𝐷2

𝑥1
−𝐷𝑥2

+ 2𝑐𝐷𝑥1
)𝜏0(𝑘 + 1) · 𝜏0(𝑘) = 0, (10)

𝐷𝑥1
𝐷𝑦1

𝜏0(𝑘) · 𝜏0(𝑘) = −2𝜏1(𝑘)𝜏−1(𝑘), (11)
(𝐷𝑥1𝐷𝑥−1 − 2)𝜏0(𝑘) · 𝜏0(𝑘) = −2𝜏0(𝑘 + 1)𝜏0(𝑘 − 1),

(12)

which can be proved using the Grammian
technique.[20] Assuming that 𝑥1, 𝑥−1 and 𝑦1 are real;
𝑥2 and 𝑐 are pure imaginary and taking 𝑝*𝑗 = 𝑝𝑗 ,
𝑞*𝑗 = 𝑞𝑗 , 𝜉*𝑗0 = 𝜉𝑗0, and 𝜂*𝑗0 = 𝜂𝑗0, one can check that

𝑎𝑖𝑗(𝑘) = 𝑎*𝑗𝑖(𝑘), 𝑏𝑖𝑗 = 𝑏*𝑗𝑖.

Moreover, we let

𝑓 = 𝜏0(0), 𝑔 = 𝜏1(0), ℎ = 𝜏0(1),

hence, 𝑓 is real and

𝑔* = −𝜏−1(0), ℎ* = 𝜏0(−1),

thus the bilinear Eqs. (9)–(12) become

(𝐷2
𝑥1

−𝐷𝑥2
)𝑔 · 𝑓 = 0, (13)

(𝐷2
𝑥1

−𝐷𝑥2 + 2𝑐𝐷𝑥1)ℎ · 𝑓 = 0, (14)
𝐷𝑥1

𝐷𝑦1
𝑓 · 𝑓 = 2𝑔𝑔*, (15)

(𝐷𝑥1
𝐷𝑥−1

− 2)𝑓 · 𝑓 = −2ℎℎ*. (16)

By row and column operations, 𝑓 can be rewritten
as

𝑓 =

⃒⃒⃒⃒
𝐴′ 𝐼
−𝐼 𝐵′

⃒⃒⃒⃒
, (17)

where the entries in 𝐴′ and 𝐵′ are

𝑎′𝑖𝑗 =
1

𝑝𝑖 + 𝑝*𝑗
, 𝑏′𝑖𝑗 =

1

𝑞𝑖 + 𝑞*𝑗
𝑒𝜂𝑖+𝜂*

𝑗+𝜉*𝑖 +𝜉𝑗 ,

with

𝜂𝑖 + 𝜉*𝑖 = 𝑞𝑖𝑦1 +
1

𝑝*𝑖 + 𝑐
𝑥−1 + 𝑝*𝑖 𝑥1

− 𝑝*𝑖
2𝑥2 + 𝜉*𝑖0 + 𝜂𝑖0,

𝜂*𝑗 + 𝜉𝑗 = 𝑞*𝑗 𝑦1 +
1

𝑝𝑗 − 𝑐
𝑥−1 + 𝑝𝑗𝑥1

+ 𝑝2𝑗𝑥2 + 𝜉𝑗0 + 𝜂*𝑗0.

Under the reduction conditions

−𝑖𝑝*𝑖
2 = 𝑞𝑖 −

𝜇𝜌2

𝑝*𝑖 + 𝑐
, 𝑖𝑝2𝑗 = 𝑞*𝑗 − 𝜇𝜌2

𝑝𝑗 − 𝑐
, (18)

the following relation holds

𝑖𝜕𝑥2𝑏
′
𝑖𝑗 = (𝜕𝑦1 − 𝜇𝜌2𝜕𝑥−1)𝑏′𝑖𝑗 , (19)

hence we have

𝑖𝑓𝑥2 = 𝑓𝑦1 − 𝜇𝜌2𝑓𝑥−1 , (20)

which also implies

𝑖𝑓𝑥1𝑥2 = 𝑓𝑥1𝑦1 − 𝜇𝜌2𝑓𝑥1𝑥−1 . (21)

In addition, Eqs. (15) and (16) can be expanded as

𝑓𝑥1𝑦1𝑓 − 𝑓𝑥1𝑓𝑦1 = 𝑔𝑔*, (22)

and

𝑓𝑥1𝑥−1𝑓 − 𝑓𝑥1𝑓𝑥−1 − 𝑓2 = −ℎℎ*, (23)

respectively. By using relations (20) and (21), from
Eqs. (22) and (23), we arrive at

𝑖(𝑓𝑥1𝑥2
𝑓 − 𝑓𝑥1

𝑓𝑥2
) = 𝑔𝑔* − 𝜇𝜌2(𝑓2 − ℎℎ*). (24)

Through the variable transformations

𝑥1 = 𝑥, 𝑥2 = 𝑖(𝑡 +
1

2
𝑦), (25)

Eqs. (13) and (14) become Eqs. (5) and (6) by taking
𝑐 = 𝑖𝛼, and Eq. (24) is nothing but Eq. (7).

With the variable transformations (25), the vari-
ables 𝑥−1 and 𝑦1 become dummy variables, hence
they can be treated as constants. Therefore, we de-
fine 𝑒𝜂𝑖 = 𝑐*𝑖 , 𝑒𝜂

*
𝑖 = 𝑐𝑖, (𝑖 = 1, 2, . . . , 𝑁) and let

𝐶 = −(𝑐1, 𝑐2, . . . , 𝑐𝑁 ), thus we have obtained the
mixed 𝑁 -soliton solution

𝑓 =

⃒⃒⃒⃒
𝐴 𝐼
−𝐼 𝐵

⃒⃒⃒⃒
, 𝑔 =

⃒⃒⃒⃒
⃒⃒ 𝐴 𝐼 ΩT

−𝐼 𝐵 0T

0 𝐶 0

⃒⃒⃒⃒
⃒⃒ ,

ℎ =

⃒⃒⃒⃒
𝐴(1) 𝐼
−𝐼 𝐵

⃒⃒⃒⃒
, (26)

where the entries in 𝐴,𝐴(1) and 𝐵 are

𝑎𝑖𝑗 =
1

𝑝𝑖 + 𝑝*𝑗
𝑒𝜉𝑖+𝜉*𝑗 ,

𝑎
(1)
𝑖𝑗 =

1

𝑝𝑖 + 𝑝*𝑗

(︁
− 𝑝𝑖 − 𝑖𝛼

𝑝*𝑗 + 𝑖𝛼

)︁
𝑒𝜉𝑖+𝜉*𝑗 ,

𝑏𝑖𝑗 = 𝑐*𝑖 𝑐𝑗

[︁
𝑖(−𝑝*𝑖

2 + 𝑝2𝑗 ) +
𝜇𝜌2(𝑝*𝑖 + 𝑝𝑗)

(𝑝*𝑖 + 𝑖𝛼)(𝑝𝑗 − 𝑖𝛼)

]︁−1

,

meanwhile, Ω and 𝐶 are given by

Ω = (𝑒𝜉1 , 𝑒𝜉2 , . . . , 𝑒𝜉𝑁 ), 𝐶 = −(𝑐1, 𝑐2, . . . , 𝑐𝑁 ),
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with 𝜉𝑖 = 𝑝𝑖𝑥 + 𝑖𝑝2𝑖 (𝑡 + 1
2𝑦) + 𝜉𝑖0, and 𝑝𝑖, 𝜉𝑖0 and 𝑐𝑖

(𝑖 = 1, 2, . . . , 𝑁) are complex constants.
Take 𝑁 = 1 in the formula (26) and we can obtain

one-soliton solution. In this case, the tau functions
can be rewritten as

𝑓 = 1 + 𝐸11*𝑒
𝜉1+𝜉*1 , 𝑔 = 𝑐1𝑒

𝜉1 ,

ℎ = 1 + 𝐹11*𝑒
𝜉1+𝜉*1 , (27)

where

𝐸11* = 𝑐1𝑐
*
1

[︁
𝑖(𝑝1 + 𝑝*1)2(𝑝1 − 𝑝*1)

+
𝜇𝜌2(𝑝1 + 𝑝*1)2

(𝑝*1 + 𝑖𝛼)(𝑝1 − 𝑖𝛼)

]︁−1

,

𝐹11* = 𝑒2𝑖𝜑𝐸11* , 𝑒2𝑖𝜑1 = −𝑝1 − 𝑖𝛼

𝑝*1 + 𝑖𝛼
.

Note that this solution is nonsingular only if 𝐸11* > 0.
The tau functions (27) give the one-soliton solution

𝐴 =
𝑐1
2
𝑒−𝜃1𝑒𝑖𝜉1Isech(𝜉1R + 𝜃1),

𝐵 =
𝜌

2
𝑒𝑖(𝛼𝑥−𝛼2𝑡)[1 + 𝑒2𝑖𝜑1

+ (𝑒2𝑖𝜑1 − 1) tanh(𝜉1R + 𝜃1)],

𝐿 = 2𝑝21Rsech2(𝜉1R + 𝜃1),

where 𝑒2𝜃1 = 𝐸11* , 𝜉1 = 𝜉1R + 𝑖𝜉1I, and the suf-
fixes R and I denote the real and imaginary parts,
respectively. Thus the amplitude of the bright soli-
ton in 𝐴 component is |𝑐1|

2 𝑒−𝜃1 while the amplitude
of the bright soliton in 𝐿 component is 2𝑝21R. For
the dark soliton in 𝐵 component, |𝐵| approaches |𝜌|
as 𝑥, 𝑦 → ±∞. Moreover, the intensity of the dark
soliton is |𝜌| cos𝜑1. The mixed one-soliton at time
𝑡 = 0 is displayed in Fig. 1 with the parametric choice
𝑝1 = 1 − 1

2 𝑖, 𝑐1 = 1 + 2𝑖, 𝜌 = 𝛼 = 1, 𝜉10 = 𝑦 = 0 and
𝜇 = 2.

  

L|A|2

|B|2

-10-8 -6 -4 -2 0 2 4 6 8 10
x

-10-8 -6 -4 -2 0 2 4 6 8 10
x

(a) (b)

⊲

⊲







⊲

⊲





Fig. 1. Mixed one-soliton of the 2D Maccari system.

As a matter of fact, the interaction of nonlinear
waves may present some novel phenomena.[17,21] To
study the collision of two solitons, we take 𝑁 = 2 in
the formula (26). The tau functions can be rewritten

as

𝑓 = 1 + 𝐸11*𝑒
𝜉1+𝜉*1 + 𝐸12*𝑒

𝜉1+𝜉*2 + 𝐸21*𝑒
𝜉2+𝜉*1

+ 𝐸22*𝑒
𝜉2+𝜉*2 + 𝐸121*2*𝑒

𝜉1+𝜉2+𝜉*1+𝜉*2 ,

𝑔 = 𝑐1𝑒
𝜉1 + 𝑐2𝑒

𝜉2 + 𝐺121*𝑒
𝜉1+𝜉2+𝜉*1

+ 𝐺122*𝑒
𝜉1+𝜉2+𝜉*2 ,

ℎ = 1 + 𝐹11*𝑒
𝜉1+𝜉*1 + 𝐹1,2*𝑒

𝜉1+𝜉*2 + 𝐹21*𝑒
𝜉2+𝜉*1

+ 𝐹22*𝑒
𝜉2+𝜉*2 + 𝐹121*2*𝑒

𝜉1+𝜉2+𝜉*1+𝜉*2 , (28)

where

𝐸𝑖𝑗* = 𝑐𝑖𝑐
*
𝑗

[︁
𝑖(𝑝𝑖 + 𝑝*𝑗 )2(𝑝𝑖 − 𝑝*𝑗 )

+
𝜇𝜌2(𝑝𝑖 + 𝑝*𝑗 )2

(𝑝𝑖 − 𝑖𝛼)(𝑝*𝑗 + 𝑖𝛼)

]︁−1

,

𝐸121*2* = |𝑝1 − 𝑝2|2
[︁ 𝐸11*𝐸22*

(𝑝1 + 𝑝*2)(𝑝2 + 𝑝*1)

− 𝐸12*𝐸21*

(𝑝1 + 𝑝*1)(𝑝2 + 𝑝*2)

]︁
,

𝐹𝑖𝑗* = − 𝑝𝑖 − 𝑖𝛼1

𝑝*𝑗 + 𝑖𝛼1
𝐸𝑖𝑗* ,

𝐹121*2* =
(𝑝1 − 𝑖𝛼1)(𝑝2 − 𝑖𝛼1)

(𝑝*1 + 𝑖𝛼1)(𝑝*2 + 𝑖𝛼1)
𝐸121*2* ,

𝐺12𝑖* = (𝑝1 − 𝑝2)
(︁ 𝑐1𝐸2𝑖*

𝑝1 + 𝑝*𝑖
− 𝑐2𝐸1𝑖*

𝑝2 + 𝑝*𝑖

)︁
.

To obtain nonsingular solutions, the denominator 𝑓 in
Eq. (28) must be nonzero. For this purpose, we rewrite
𝑓 as

𝑓 = 2𝑒𝜉1R+𝜉2R [𝑒𝜃1+𝜃2 cosh(𝜉1R − 𝜉2R + 𝜃1 − 𝜃2)

+ 𝑒𝜃3 cosh(𝜉1R − 𝜉2R + 𝜃3)

+ 𝑒𝜁𝑅 cos(𝜉1I − 𝜉2I + 𝜁𝐼)],

where

𝑒2𝜃1 =𝐸11* , 𝑒2𝜃2 = 𝐸22* ,

𝑒2𝜃3 =𝐸121*2* , 𝑒𝜁𝑅+𝑖𝜁𝐼 = 𝐸12* .

Hence, 𝑒𝜃1+𝜃2 + 𝑒𝜃3 > 𝑒𝜁𝑅 is a sufficient condition
to guarantee nonsingular solutions. The asymptotic
forms of the soliton 𝑠1, (𝑠2) before and after collision
are of the form: (1) Before collision (𝑥, 𝑦 → −∞) Soli-
ton 𝑠1

𝐴−
1 ≃ 𝑐1

2
𝑒−𝜃1𝑒𝑖𝜉1Isech(𝜉1R + 𝜃1),

𝐵−
1 ≃ 𝜌

2
𝑒𝑖(𝛼𝑥−𝛼2𝑡)

· [1 + 𝑒2𝑖𝜑1 + (𝑒2𝑖𝜑1 − 1) tanh(𝜉1R + 𝜃1)],

𝐿−
1 ≃ 2𝑝21Rsech2(𝜉1R + 𝜃1).

Soliton 𝑠2

𝐴−
2 ≃ 1

2
𝑒−𝜃1−𝜃3𝐺121*𝑒

𝑖𝜉2Isech(𝜉2R + 𝜃3 − 𝜃1),

𝐵−
2 ≃ 𝜌

2
𝑒𝑖(𝛼𝑥−𝛼2𝑡+2𝜑1)

· [1 + 𝑒2𝑖𝜑2 + (𝑒2𝑖𝜑2 − 1) tanh(𝜉2R + 𝜃3 − 𝜃1)],

𝐿−
2 ≃ 2𝑝22Rsech2(𝜉2R + 𝜃3 − 𝜃1).
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(2) After collision (𝑥, 𝑦 → +∞) Soliton 𝑠1

𝐴+
1 ≃ 1

2
𝑒−𝜃2−𝜃3𝐺122*𝑒

𝑖𝜉1Isech(𝜉1R + 𝜃3 − 𝜃2),

𝐵+
1 ≃ 𝜌

2
𝑒𝑖(𝛼𝑥−𝛼2𝑡+2𝜑2)

· [1 + 𝑒2𝑖𝜑1 + (𝑒2𝑖𝜑1 − 1) tanh(𝜉1R + 𝜃3 − 𝜃2)],

𝐿+
1 ≃ 2𝑝21Rsech2(𝜉1R + 𝜃3 − 𝜃2).

Soliton 𝑠2

𝐴+
2 ≃ 𝑐2

2
𝑒−𝜃2𝑒𝑖𝜉2Isech(𝜉2R + 𝜃2),

𝐵+
2 ≃ 𝜌

2
𝑒𝑖(𝛼𝑥−𝛼2𝑡)

· [1 + 𝑒2𝑖𝜑2 + (𝑒2𝑖𝜑2 − 1) tanh(𝜉2R + 𝜃2)],

𝐿+
2 ≃ 2𝑝22Rsech2(𝜉2R + 𝜃2).

In the above expressions, 𝑒2𝑖𝜑𝑗 = −(𝑝𝑗 −
𝑖𝛼1)/(𝑝*𝑗 + 𝑖𝛼1). The amplitudes of the bright
solitons in 𝐴 component before interaction are
( 𝑐1
2 𝑒

−𝜃1 , 1
2𝑒

−𝜃1−𝜃3𝐺121*), and the amplitudes after
interaction are ( 1

2𝑒
−𝜃2−𝜃3𝐺122* ,

𝑐2
2 𝑒

−𝜃2). Substitut-
ing various quantities, we can find that | 𝑐12 𝑒

−𝜃1 | =
| 12𝑒

−𝜃2−𝜃3𝐺122* | and | 12𝑒
−𝜃1−𝜃3𝐺121* | = | 𝑐22 𝑒

−𝜃2 |,
which indicate that the intensities of the bright soli-
tons in 𝐴 component are the same before and after
collision. Similarly, the dark solitons in 𝐵 component
and the bright solitons in 𝐿 component also undergo
elastic collision. In addition, both the bright and dark
solitons admit the same magnitude position shift. The
position shift of soliton 𝑠1, (𝑠2) is Λ1 = 𝜃3 − 𝜃1 − 𝜃2,
(Λ2 = −Λ1). The phase shifts of the dark solitons
𝑠1 and 𝑠2 in 𝐵 component are 2𝜑2 and −2𝜑1, respec-
tively. The above analysis clearly reveals that the col-
lision of two solitons is elastic and energies of solitons
in different components completely transmit through.
In Fig. 2, the collision of two solitons is displayed for
the parameters chosen as 𝑝1 = 1 − 3

4 𝑖, 𝑝2 = 2 − 1
4 𝑖,

𝑐1 = 1 + 1
2 𝑖, 𝑐2 = 1

2 + 𝑖, 𝜌 = 𝛼 = 1, 𝜉10 = 𝜉20 = 𝑦 = 0
and 𝜇 = 2. It is obvious that the solitons in all the
components undergo elastic collision without shape
change but just accompanied by a position shift.
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Fig. 2. Collision of mixed two solitons of the 2D Maccari
system: (a) the 𝐴 component, (b) the 𝐵 component, and
(c) the 𝐿 component.

Soliton bound states are another fascinating class
of multi-soliton solutions, which can be viewed as

composite solitons moving with the same velocity.
Suppose that the wave number of the 𝑖th soliton is
𝑝𝑖 = 𝑝𝑖R + 𝑖𝑝𝑖I, then one can obtain the mixed two-
soliton bound state from Eq. (28) with the restriction
𝑝1I = 𝑝2I. Such a bound state is displayed in Fig. 3
with the parametric choice 𝑝1 = 1 − 1

4 𝑖, 𝑝2 = 2 − 1
4 𝑖,

𝑐1 = 1 + 1
2 𝑖, 𝑐2 = 1

2 + 𝑖, 𝜌 = 𝛼 = 1, 𝜉10 = 𝜉20 = 𝑦 = 0
and 𝜇 = 2. What is more, the bound state can exist
up to an arbitrary order since the same 𝑝𝑖I value can
give as many distinct 𝑝𝑖R values as we want.
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Fig. 3. Mixed two-soliton bound states of the 2D Maccari
system: (a) the 𝐴 component, (b) the 𝐵 component, and
(c) the 𝐿 component.
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