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The general bright-dark mixed N -soliton solution of the two-dimensional Maccari system is obtained with the KP
hierarchy reduction method. The dynamics of single and two solitons are discussed in detail. Asymptotic analysis

shows that two solitons undergo elastic collision accompanied by a position shift. Furthermore, our analysis on
mixed soliton bound states shows that arbitrary higher-order soliton bound states can take place.
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The two-dimensional Maccari system is of the
form!']

1A + Ay + LA =0, (1)
1By + By + LB =0, (2)
Ly = (AA* + uBB"),, (3)

where p # 0,41 is a real constant, A(x,y,t) and
B(z,y,t) are complex while L(x,y,t) is real, and
the asterisk means complex conjugate. This sys-
tem is usually used to describe the motion of iso-
lated waves, localized in a small part of space, in
some fields such as plasma physics, nonlinear op-
tics and hydrodynamics. It reduces to the nonlin-
ear Schrodinger (NLS) equation”] when y = x. The
reduction y = t leads to the system of the coupled
long-wave resonance equation.’’ When A = B*, it
becomes the so-called simplest (2-+1)-dimensional ex-
tension of the NLS equation introduced by Fokas.!"
Many studies have been carried out on this system.
Uthayakumar et all”l have studied the integrabil-
ity property of Egs.(1)—(3) using singularity struc-
ture analysis. Based on the technique of coalescence
of wavenumbers, its two-dromion solutions were ob-
tained by Lai and Chow.l”) By means of the variable
separation approach,l” ! many coherent soliton struc-
tures such as dromions, breathers, foldon and solitoff
were obtained by Zhang et all'>''] Most recently,
Yuan et al.l'? constructed various rational solutions
of Egs. (1)—(3) through Hirota’s bilinear method.
The goal of this work is to construct the mixed
N-soliton solution of Egs. (1)—(3) via the KP hierar-
chy reduction method. The KP hierarchy reduction
method was first developed by the Kyoto school,!'”]
and has been widely used to derive soliton!"* 7 and
rogue wavel'®'“] solutions of many integrable systems.
Assuming that the A component is of bright type and
the B component is of dark type, the following depen-

DOI: 10.1088,/0256-307X,/34,/7,/070202

dent variable transformations are introduced,

A szei(a”’_“zt);, L=200g e, (4)

=9
f’

where f(x,y,t) is real, g(z,y,t) and h(z,y,t) are com-
plex, a and p are two real constants. Then the two-
dimensional (2D) Maccari system (1)—(3) can be con-
verted into the bilinear form

(D% +iDy)g- f =0, (5)
(D2 + 2iaD, +iD)h - f =0, (6)
Dszf'f:gg* _Mp2(f2_hh*)7 (7)

where D is the usual Hirota bilinear operator.[*’]
Consider the Gram determinant tau functions of a
two-component KP hierarchy

A I o7
nk =4 Ll nw=|-1 B of,
0 -7 0
A 1 o
ra(k)=|-I B T, (8)
-2 0 0

where I is an N x N identity matrix, 0 is an N-
component zero-row vector, A and B are N x N ma-
trices, and 2, ¥, 2 and ¥ are N-component row
vectors whose elements are given respectively by

1 i —C\F ¢ F
aij (k) = —— (= B5) o816,
pi +Dj pjt+c
bij: em+ﬁj7

¢ + g
Q=(e1,e2, ... &), AW = (M, e, . . . e),

L(Z:(egl,e&,...,egfv)7 U= ("™ e™,...

7€TIN),
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with

& = L +piws + &0y M = 41 + Mio,
?

_ ) N - )

&= o SU-1F P71 — PjT2 +&os M5 = @iy1 + 1o,

in which p;, pj, @, @, &os &o, Mo, Mjo and c are
complex constants. Based on the Sato theory for KP

hierarchy,["”) the tau functions (8) satisfy the bilinear
equations
(D3, = Da,)11(K) - 7o (K) = 0, (9)
(D2, — Dy, + 2¢Dy, )o(k + 1) - To(k) = 0, (10)
D:leleO(k) 'To(k‘) = —27’1(]{3)7',1(]{3)7 (11)
(Dlem,l - 2)T0(k) . T()(k) = —27’0(]6‘ + 1)7’0(/€ - 1),
(12)
which can be proved wusing the Grammian
technique.l””! Assuming that z1, z_; and y; are real;
zz and c are pure imaginary and taking p; = p;,
q; = qj, o = &jo, and 17y = 70, one can check that

aij(k) = aj;(k), bi; = bj;.

Moreover, we let
f=7(0), g =71(0), h=19(1),
hence, f is real and
9" =—7-1(0), h* =71o(=1),

thus the bilinear Egs. (9)—(12) become

(Dil_sz)g'f:Oa (13)
(D2, — Dy, 4+ 2cDy )b+ f =0, (14)
DIlDny : f = 299*, (15)
(Dg,D,_, —2)f - f = —2hh™. (16)

By row and column operations, f can be rewritten
as

AT

=4 8 an)

where the entries in A’ and B’ are

r= # - # ni+n; +E €5
a’l] . * ) ¥ ] =€ )
Di +pj qi + 4q;
with
+ & =+ Ty +pix
i £’L qiY1 p;k Ye 1 b *1

— p%2s + € + mio,

n;+& =qy+ T_1 +pjTy

J
+ Pl + Eo + Mo

Under the reduction conditions

2 2

- %2 Hp -2 * Hp
— it =qg; — ,Aps =q; — , 18
P e WS (18)

the following relation holds
iawzb;j = (ayl - Mp26m71)b;j7 (19)

hence we have

ifm = fyl - NPsz_u (20)

which also implies
ifam:vz = fw1y1 - /~Lp2fw1w71' (21)
In addition, Egs. (15) and (16) can be expanded as
fr1y1f7fm1fy1 :gg*a (22)

and

.f;vl;v,lf - fa:lfac,l - f2 = _hh*7 (23)

respectively. By using relations (20) and (21), from
Egs. (22) and (23), we arrive at

i(lewzf - fz1fa:2> = gg* - :upz(f2 - hh*) (24)

Through the variable transformations

x1 =x, To =i(t + %y), (25)
Egs. (13) and (14) become Egs. (5) and (6) by taking
¢ = ia, and Eq. (24) is nothing but Eq. (7).

With the variable transformations (25), the vari-
ables z_; and y; become dummy variables, hence
they can be treated as constants. Therefore, we de-
fine e” = cf, % = ¢, (i = 1,2,...,N) and let

C = —(c1,¢9,...,cn), thus we have obtained the
mixed N-soliton solution
A I
f: :41 é , 9= -1 B OT 9
o C 0
AD T

where the entries in A, A1) and B are

1 .
aij = et
i + D
OO (,Pi—m)emsgf
* . )
Yooopitp N P i

1p*(pi + pj) } 1
p; i) (p; —ia))

bij = C:Cj [z(—p:ﬂ + p?) + (
meanwhile, 2 and C are given by

2= (6517652,...7651\]), C = —(01702,...701\1),
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with & = pix + ip}(t + 3y) + &io, and pi, o and ¢;
(i=1,2,...,N) are complex constants.

Take N = 1 in the formula (26) and we can obtain
one-soliton solution. In this case, the tau functions
can be rewritten as

f=14EBpeSt8 g=ciet,
h:1+F11>«€§1+£T, (27)

where

Bu- =eici[ip +p1)*(p1 - p})

1o (p1 + p})? }*1
(P +ia)(p1 —ia)
p1— i

Fll* :€2i¢E11*, 62i¢1 = " —.
Pl +ix

Note that this solution is nonsingular only if Fq1+ > 0.
The tau functions (27) give the one-soliton solution

A= %e*(’leigusech(fm +64),

B = gei(amfoﬂt) [1 + 62i¢1
+ (€21 — 1) tanh(&1R + 61)],

L =2p?gsech? (&g + 61),

where €2t = Eyj-, & = &R + i€i1, and the suf-
fixes R and I denote the real and imaginary parts,
respectively. Thus the amplitude of the bright soli-
ton in A component is %6701 while the amplitude
of the bright soliton in L component is 2p?. For
the dark soliton in B component, |B| approaches |p|
as x,y — too. Moreover, the intensity of the dark
soliton is |p|cos¢1. The mixed one-soliton at time
t = 0 is displayed in Fig. 1 with the parametric choice
p1:1f%i,01:1+2i,p:a:1,§10:y:03nd
w=2.

24 (a o} (b
of@ e of ) .

0.5

0 0
-10-8 -6 -4-2 0 2 4 6 8 10 -10-8-6—-4-20 2 4 6 8 10
T x

Fig. 1. Mixed one-soliton of the 2D Maccari system.

As a matter of fact, the interaction of nonlinear
waves may present some novel phenomena.l'”?!l To
study the collision of two solitons, we take N = 2 in
the formula (26). The tau functions can be rewritten

as
f=1+ Er11-e818 4 Blo. 8176 4 By ef2té
+ E22*€52+E§ + E121*2*€51+52+5f+§§’
g :C1€£1 + C2€E2 _|_ G121*651+£2+£I
+ 0122*651-"{24—5;’
h=1+ F11*€£1+£I + F172*6£1+£; 4 F21*€£2+EI
—|—F22*e§2+£; + F121*2*e£1+§2+ﬁf+£;‘, (28)
where

Eij« =cic [i(pi + ;)% (pi — P})

pp*(pi + p)? ]*1
(pi — i) (p} +ia)d 7
FEq1+ Eoo-
p1+p5)(p2 + i)
_ E1z- Eoy+ ]
(p1+p7)(p2 +p5) 1

Ei91-9+ = |p1 — pof? [<

Pi — 0
[ = 28720 o
ij p;+la1 5%y
(p1 —iaq)(p2 — i)
Fioqsox = - - Fio1+ oy
B g ) g )
c1 B co By
G2+ = (1 —p2)< - — *>
' pL+Dp; P2+

To obtain nonsingular solutions, the denominator f in
Eq. (28) must be nonzero. For this purpose, we rewrite
f as
— 9,81r+E2r 01102
f=2e e cosh(é1r — &or + 61 — 62)

+ efs COSh(flR — &R + 93)

+ €57 cos(&ar — &ar + (1)),
where

6291 :Ell*’ 6292 — E22*7

203 __ +i¢r
%% = Eigjege, SRT = By

Hence, €119 4 93 > ¢Cr ig a sufficient condition
to guarantee nonsingular solutions. The asymptotic
forms of the soliton s1, (s2) before and after collision
are of the form: (1) Before collision (z,y — —o0) Soli-
ton sq

AT ~ C?1e*‘gleigusech(flpL +61),
Bl_ ~ gei(axfa%)

A1 4 €291 4 (2 — 1) tanh(&r + 01)),
LT ~2p?rsech?(&r + 601).

Soliton s9

&
R

6701703 Glgl*ei&ISGCh(fZR & 03 — 91),

i(az—a2t+2¢1)

5
R

€

NI N

T+ e 4 (eng — 1) tanh(&R + 63 — 601)),
ot 2p§Rsech2 (&o2r + 03 — 61).
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(2) After collision (z,y — +o00) Soliton s;

1 .
A-li_ ~ 56702763G122*GZEHSGCh(flR + 603 — 92),

Bii— ~ gei(azfoc2t+2¢2)

. [1 + €2i¢1 + (62i¢1 — 1) tanh(ﬁlR + 03 — 92)],
Lf ~ Qp%RsechQ(glR + 03 — 0s).
Soliton sg

AT ~ %26_02 e’f”sech(ggp\ + 63),

B; ~ gei(ax—aQt)

14 €22 4 (292 — 1) tanh(&r + 62)],
L§ ~2pipsech?(&r + 02).
In the above expressions, e*%i = —(p; —

ia1)/(pj + iar).  The amplitudes of the bright
solitons in A component before interaction are
(%6_017 %6_91_930121*), and the amplitudes after
interaction are (%6’92’93(?122*,%26*02). Substitut-
ing various quantities, we can find that |$e=%| =
|%€_92_03G122* and |%€_91_93G121* = |%€_92|,
which indicate that the intensities of the bright soli-
tons in A component are the same before and after
collision. Similarly, the dark solitons in B component
and the bright solitons in L component also undergo
elastic collision. In addition, both the bright and dark
solitons admit the same magnitude position shift. The
position shift of soliton s1, (s2) is A7 = 03 — 01 — 04,
(A3 = —A;). The phase shifts of the dark solitons
s1 and s9 in B component are 2¢o and —2¢, respec-
tively. The above analysis clearly reveals that the col-
lision of two solitons is elastic and energies of solitons
in different components completely transmit through.
In Fig. 2, the collision of two solitons is displayed for
the parameters chosen as p; = 1 — %i, P = 2 — %z’,
01:1+%i, CQZ%—I—i,p:a:l,flo:fgozy:O
and u = 2. It is obvious that the solitons in all the
components undergo elastic collision without shape
change but just accompanied by a position shift.

10—10

Fig. 2. Collision of mixed two solitons of the 2D Maccari
system: (a) the A component, (b) the B component, and
(c) the L component.
Soliton bound states are another fascinating class
of multi-soliton solutions, which can be viewed as

composite solitons moving with the same velocity.
Suppose that the wave number of the ith soliton is
P; = pir + ipi1, then one can obtain the mixed two-
soliton bound state from Eq. (28) with the restriction
p11 = por- Such a bound state is displayed in Fig.3
with the parametric choice p; =1 — ii, py =2 — ii,
01:1+%7;, 622%—1—1',/):04:1,{10:520:34:0
and p = 2. What is more, the bound state can exist
up to an arbitrary order since the same p;; value can
give as many distinct p;r values as we want.

Fig. 3. Mixed two-soliton bound states of the 2D Maccari
system: (a) the A component, (b) the B component, and
(c) the L component.

We would like to express our sincere thanks to Lou
SY and Chen J C for their valuable comments.
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