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1  Introduction
The Kadomtsev-Petviashvili (KP) hierarchy is of funda-
mental importance in the theory of integrable systems 
and has been studied from various aspects [1–4]. It is 
well known that the Lax equation of the KP hierarchy is 
given by

 [( ) , ], 1,
n

n
tL L L n+= ≥  (1)

where L = ∂ + U1∂
–1 + U2∂

–2 + L is a pseudo-differential 
operator and (Ln)+ is defined as the differential part of Ln. 
The KP equation, which is derived from the propagation of 
two-dimensional dispersive waves on shallow water, can 
be obtained from the reduction of the KP hierarchy [5, 6]. 
Besides, many other well-known physical models, such as 
the KdV equation, the Boussinesq-Kaup equation, and the 
equation for a nonlinear string, are contained in the hier-
archies obtained by the so-called k-reductions of the KP 
hierarchy [7, 8].

The k-constrained KP hierarchy is proposed in 
Sidorenko and Strampp and Konopelchenko et al. [9, 10] 
by the symmetry reduction of the KP hierarchy. It is not 
only mathematically important but also physically rel-
evant. It is bi-Hamiltonian, has Darboux transformation, 
and is related to the W algebra theory [11–13]. Moreover, 

some physically applicable models, such as the Yajima-
Oikawa model and the Melnikov model [14–17], which 
describe, respectively, the interacting waves appearing in 
plasma physics and hydrodynamics, can be found in the 
constrained KP hierarchy.

The pair of Yajima-Oikawa equations

 

1 0,
2t xxiE E nE+ − =

 
(2)

 2( | | ) 0,t x xn n E+ + =  (3)

describes the interaction of Langmuir and sound waves 
in plasmas [18]. Through a transformation φ = Eei(t/2–x), 
ξ = x – t, τ = t and a scaling for ξ, φ, the Yajima-Oikawa 
system is transformed to the long-wave-short-wave reso-
nant interaction model (sometimes also called the Yajima-
Oikawa system)

 ,i n
τ ξξ

φ φ φ=− +  (4)

 22( | | ) ,n
τ ξ

ϕ=−  (5)

which plays a central role in the transition to turbulence 
of boundary layers and other shear flows [19–22]. The 
Yajima-Oikawa system can be solved by the inverse scat-
tering transform and thus has N-soliton solutions [18, 23]. 
Its rogue wave solutions are discussed by the Darboux 
dressing technique [24].

Moreover, the multi-component generalizations of 
the k-constrained KP hierarchy associated with the Lax 
operator

 

1

1
( ) .

m
k

k i i
i

L L q r−
+

=

= + ∂∑
 

(6)

have been considered by Sidorenko and Strampp [25]. 
When k = 1, k = 2, and k = 3, the multi-component generali-
zations of the AKNS hierarchy [26], Yajima-Oikawa hierar-
chy and Melnikov hierarchy are obtained. The recursion 
operators and bi-Hamiltonian structures have also been 
calculated for the multi-component generalizations of 
the k-constrained KP hierarchy under the constraint 

, ( 1, , ).i ir q i m∗= = …  However, the ‘Hamiltonian operator’ 
given by Sidorenko and Strampp for the coupled Yajima-
Oikawa hierarchy is incorrect. Liu corrected the result and 
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gave a bi-Hamiltonian structure for the coupled Yajima-
Oikawa hierarchy [27]. Furthermore, the interaction 
between the multiple short waves and a long wave can be 
described by the following multi-component generaliza-
tion of the Yajia-Oikawa system [28]:

 0, 1, l l l
t xxi n lφ φ φ+ + = = …  (7)

 

2( | | ) .l
t l x

l
n c φ=∑

 
(8)

The Painlevé analysis, soliton solutions, and energy-
sharing collisions of the multi-component Yajima-Oikawa 
equation are also studied by them.

The purpose of this article is to construct the 
 bi-Hamiltonian structure for the multi-component Yajima-
Oikawa hierarchy using the trivector technique described 
in the work of Olver [29].

2   Bi-Hamiltonian Structure 
of Multi-Component  
Yajima-Oikawa Hierarchy

In this section, we derive the bi-Hamiltonian structure for 
the multi-component Yajima-Oikawa hierarchy.

The multi-component Yajima-Oikawa hierarchy 
defined by the Lax representation

 
2 12[( ) , ], ,

k

k
T

tL L L L u Q R−
+= =∂ − − ∂

 
(9)

is the multi-component generalization of 2-constrained 
KP hierarchy, where Q, R are the n-component vector 
potentials defined as

 1 2 1 2( , , , ) , ( , , , ) .T T
n nQ q q q R r r r= =… …  (10)

It is not difficult to show that the aforementioned 
 hierarchy is equal to the hierarchy of Yajima-Oikawa system 
(7) and (8) after a simple transformation, and we only con-
sider the multi-component Yajima-Oijawa  hierarchy (9).

In fact, the hierarchy (9) can also be obtained by the 
zero-curvature equation

 [ , ] 0,t xM N M N− + =  (11)

which is the compatibility condition of a (n+2) × (n+2) 
matrix spectral problem

 , ,x tM N= =j j j j  (12)

with

 

1, 1 1, 2

2, 1 2, 2

0 0 1
0 0 , ,

0

n
T

n n
T

n n n

N A N
M R N B S C

N D Nu Qλ

+

×

+ + +

   
   

= =   
   +     

(13)

where 0 and 0n×n are, respectively, n dimensional row 
vector and n×n zero matrix, and A, B, C, D, S and each 
entry Ni, j are dependent on the potentials u, Q, R and the 
spectral parameter λ.

Substituting (13) into (11), we get
1

1, 2 1, 2

1
1, 1 1, 2

1
2, 2 1, 2

2, 1 1, 2 1, 2

, ( ), ,
1 [ ( ) ( ) ],
2

1 [ ( ) ( ) ],
2

1 1( ) ( ) ( ) ,
2 2

T T
x n x n

T
n x

T
n n n x

T
n n xx n

D A N Q S RA CQ B C N R

N Q C AR N

N Q C AR N

N Q C AR N u Nλ

−
+ +

−
+

−
+ + +

+ + +

= + =∂ − =− +

= ∂ − −

= ∂ − +

= + − + +

and

 

1, 2

( ) ,
n

T

Nu
Q C
R A

λ
+

  
   = +   
     

K J

 

(14)

where

 

2 0 0
0 0 ,

0 0

T
n n n

T
n n n

I

I
×

×

 ∂
 

= − 
 
  

K

 

(15)

and

3

1 1
1

1 1
1

1 1 12 ( 3 ) ( 3 )
2 2 2

3 1( ) ,
2 2
3 1( )
2 2

T T T T
x x x

T T T
x

T T T
x

u u Q Q R R

Q Q Q Q Q Q J

R R J R R R R

− −

∗ − −

 
− ∂ + + ∂ + ∂ + ∂ 

 
 = + ∂ ∂ + ∂
 
 

+ ∂ − ∂ + ∂ 
 

J

 (16)

with

2 1 1
1

1diag( 1, 1, , 1), ( ) .
2

T T
n n

n

I J u Q R I Q R− −= = ∂ − − ∂ − ∂����������

It is easy to see that the operators K and J are skew-
symmetric and that K is a Hamiltonian operator. In the 
following, we show J is a Hamiltonian operator and is 
compatible with K.

Our main results are summarised as follows.
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Theorem 1 The multi-component Yajima-Oikawa hierar-
chy (9) is a bi-Hamiltonian system

 

2

2

2

,

k

k k

k k

t k k

H H
u uu

H H
Q

Q Q
R H H

R R

δ δ

δ δ
δ δ

δ δ
δ δ

δ δ

+

+

+

   
        

     = =     
      

         

K J

 

(17)

where the operators K and J are given by (15) and (16), 

respectively, and 22 Res( ).
k

kH L
k

=

The proof of the theorem is given by the use of Olver’s 
technique [29]. Let θ denote the basic uni-vector corre-
sponding to the potential, and D is any skew-symmetric 
operator depending on the spatial variable x and the 
potential. In the proof, we will use mainly the properties 
listed following:

 – the basic property of wedge product

 d ( 1) d ,mnx xξ η η ξ∧ = − ∧∫ ∫  (18)

for any m-form ξ and n-form η.
 – the skew-symmetry of the operator D

 d ( ) d .x xξ η ξ η∧ =− ∧∫ ∫D D  (19)

 – the prolongation

 Pr ( ) Pr ( ) .V V
θ θ

θ θ θ θ− ∧ = ∧ ∧
D D

D D  (20)

 The minus sign in (20) arises from the fact that we 
have interchanged a wedge product of θ using the 
formula (18).

Proof: Let θ0, θ1 = (θ11, θ12, …, θ1n)T and θ2 = (θ21, θ22, … θ2n)T 
be the basic uni-vectors corresponding to u, Q, and R, 
respectively. We know that the operator J is the Hamilto-
nian if and only if (because the skew-symmetry is known)

 Pr ( ) 0,V
θ

Θ =
J J  (21)

where θ = (θ0, θ1, θ2) and

1 ( )d ,
2

xΘ θ θ= ∧∫J
J

is the associated bi-vector of J.
To check whether K and J form a bi-Hamiltonian pair, 

we only need to prove

 Pr ( ) 0.KV
θ

Θ =
J  (22)

The proof of the theorem is rather technical and 
lengthy, and we give it in the Appendix.

Remark 1 When n = 2, the operators K and J are just the 
Hamiltonian operators of the coupled Yajima-Oikawa 
hierarchy [27].

It is known that for a pseudo-differential symbol 
of the form 

0 0
,i i

i ii i
X X X

≤ >
= ∂ + ∂∑ ∑ Res(X) is defined 

as [30]:

1Res( ): res( )d , res( ) ,X X x X X−= =∫
Therefore, the Hamiltonian functions Hk, (k = 1, …) 

[11, 27] can be obtained by a direct computation:

1

2

d
d

,

T

H u x
H Q R x

=−

=−
……

∫
∫

Then, the second positive flow is obtained

 

2

2

2

2

2( )T
x

xx

xxt

H
uu Q R

H
Q J Q uQ

Q
R R uRH

R

δ

δ
δ

δ
δ

δ

 
     − 

    = = − +    
   −    

     

(23)

with a Lax pair

0
, 0 .

T

x t x n n
T T

x

Q
M R R

Q R Q

λ

λ
×

 − −
 = = − 
 − − − 

j j j j

If n = 1, we get

 1 1 1 1 1 1 1 1, , 2( ) .t xx t xx t xq q uq r r ur u q r=− + = − =−  (24)

In what follows, we connect the system (24) with 
the Yajima-Oikawa system [5]. Starting from the Yajima-
Oikawa system (2) and (3), we can rewrite it as

* * *

2

1 0,
2

1 0,
2

( | | ) 0.

t xx

t xx

t x x

iE E nE

iE E nE

n n E

+ − =

− + − =

+ + =

Then, after a transformation φ = Eei(t/2–x), ξ = x – 1, τ = t, 
the aforementioned system is changed to

2

1 0,
2

1 0,
2

( | | ) 0.

i n

i n

n

τ ξξ

τ ξξ

τ ξ

φ φ φ

φ φ φ

φ

∗ ∗ ∗

+ − =

− + − =

+ =
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After the transformation 4, 2 , 2t i x iτ ξ φ φ= =− =′ ′ �  
and the rewriting t′, x′ back to t, x, we get (24) as we set 

1 1, , .q r n uφ φ∗= = =−� �
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Appendix
First, we prove that the operator J is Hamiltonian, 
namely to verify (21). To simplify the presentations 
and  calculations, we define the  function U and the 
n dimensional column vectors � � � � T

1 2( , , , ) ,nQ q q q= …  
� � � �

1 2( , , , )T
nR r r r= … as

 

( )
( )

0 0 0 1 1

2 2

1 12 3
2 2
1 3 ,
2

T T
xxx x x x x

T T
x x

U u u Q Q

R R

θ θ θ θ θ

θ θ

=− + + + +

+ +
 

(25)

 

� 1 1
0 0 1 1 2

2 1
2

3 1( ) ( )
2 2

( ) ,

T T T T
x x

T

Q Q Q Q Q Q Q R

u Q R

θ θ θ θ θ

θ

− −

−

= + + ∂ + ∂ −

+ ∂ − − ∂
 (26)

 

� 1 1
0 0 2 1 2

2 1
1

3 1( ) ( )
2 2

( ) .

T T T T
x x

T

R R R R R R Q R

u R Q

θ θ θ θ θ

θ

− −

−

= + + ∂ − ∂ −

+ −∂ + − ∂
 (27)

It is easy to check that

 

0 0 0

1 2 1 2
1

1 2
2
1 ( 3 3 ),
2

xxx x x

n

kx k kx k k kx k kx
k

U u u

q r q r

θ θ θ

θ θ θ θ
=

=− + +

+ + + +∑  (28)

 

� 2 1
0 0 2 1 2

1

1
1 2

1

3 ( ) ( )
2

1 ( ),
2

n

i ix i x i k i k k i
k

n

i k k k k
k

q q q u q q r

q q r

θ θ θ θ θ

θ θ

−

=

−

=

= + + ∂ − + ∂ −

+ ∂ −

∑

∑
 

(29)

 

� 2 1
0 0 1 1 2

1

1
1 2

1

3 ( ) ( )
2

1 ( ).
2

n

i ix i x i k k i i k
k

n

i k k k k
k

r r r u r q r

r q r

θ θ θ θ θ

θ θ

−

=

−

=

= + + −∂ + − ∂ −

− ∂ −

∑

∑
 

(30)

From (16), we have

�

�

� � � �
1 1( , , , , , , ) .T

n n

U
Q U q q r r
R

θ

 
 

= = … … 
 
 

J

Then the associated bi-vector for J is

� �

� �

0 1 2

0 1 2
1

1 ( )d
2
1 d
2
1 1d d ,
2 2

n

i i i i
i

x

U Q R x

U x q r x

Θ θ θ

θ θ θ

θ θ θ
=

= ∧

= ∧ + ∧ + ∧

= ∧ + ∧ + ∧

∫

∫
∑∫ ∫

J
J

substituting (28), (29), and (30) into the aforementioned 
equality and applying the properties (18), (19), we get

 

1 2 1 2 0 1 2
1

0 1 2 1 2
, 1

1
1 2

1
1 2 1 2 0 0

( )

1 1( )d ( )
2 2

( )
1 ( ) ( )d d .
2

n

ix ix i i i ix i ix
i

n

x i i i i j i i j
i j

i j j i

i i i i j j j j x

u q r

q r x q r

q r

q r q r x u x

Θ θ θ θ θ θ θ θ

θ θ θ θ θ

θ θ

θ θ θ θ θ θ

=

=
−

−

= − ∧ − ∧ + ∧ +

− ∧ + + −

∧∂ −

+ − ∧∂ − + ∧

∑∫

∑∫

∫

J

 (31)

Calculation of (21) shows that

 

� � � �

� �

� �

0 0 1 2
1

0 1 2 0 1 2

1
1 2 1 2

, 1

1
1 2 1 2

Pr ( ) d

1( ) ( )d
2

( ) ( )

1 ( ) ( )d .
2

n

x i i
i

i ix i ix x i i i i

n

i j j i i j j i
i j

i i i i j j j j

V U x U

q r q r x

q r q r

q r q r x

θ
Θ θ θ θ θ

θ θ θ θ θ θ

θ θ θ θ

θ θ θ θ

=

−

=

−

= ∧ ∧ + − ∧ ∧

+ ∧ ∧ + ∧ − ∧ ∧ + ∧

+ ∧ − ∧ ∧∂ −

+ ∧ − ∧ ∧∂ −

∑∫ ∫

∑∫

J J

 (32)

Substituting (28), (29), and (30) to the aforemen-
tioned expression and applying the properties (18), (19), 
the expression (32) can be divided into three parts: I, II, 
and III. Part I is about the terms for double summation 
without the variable θ0. i.e.
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1 1 2 1 2 2
, 1

1
1 2 2 1 1 2

1
1 2 2 1 1 2

1 1 2 1 1 2 1 2 1
, 1

2 1 1

1 ( 3 3 )
2

( ) ( )

1 ( ) ( )d
2

(

)

n

i jx j jx j j jx j jx i
i j

i jxx j ixx i j j i

i ixx i ixx j j j j

n

j i j ix i jx i j ix i
i j

i jx i

q r q r

q r

q r x

q

θ θ θ θ θ θ

θ θ θ θ θ θ

θ θ θ θ θ θ

θ θ θ θ θ θ θ θ θ

θ θ θ

=

−

−

=

= − ∧ + + + ∧

+ ∧ + ∧ ∧∂ −

+ ∧ + ∧ ∧∂ −

= ∧ ∧ − ∧ ∧ − ∧ ∧

− ∧ ∧

∑∫

∑∫

I

1 2 2 1 2 2 1

2 2 2 1 2

(

)d 0.
j ix j i i jx i i

jx i j ix i

r

x

θ θ θ θ θ θ θ

θ θ θ θ θ

+ ∧ ∧ − ∧ ∧ +

∧ ∧ + ∧ ∧ =  (33)

Part II is the term of double summation contain θ0, i.e.

 

1 1
0 1 2 1 2 1

, 1

1 1
1 2 1 2 2

1 1
0 1 2 1 2 1

1
1 2

1( ) ( )
2

1( ) ( )
2

1 1( ) ( )
2 2

(

n

j i j j i i j j j j ix
i j

j j i i j i j j j j ix

x j i j j i i j j j j i

j j i i

q q r q q r

r q r r q r

q q r q q r

r q r

θ θ θ θ θ θ

θ θ θ θ θ

θ θ θ θ θ θ

θ θ

− −

=

− −

− −

−

 
= ∧ ∂ − + ∂ − ∧  

 
+ − ∂ − − ∂ − ∧    

 
− ∧ ∂ − + ∂ − ∧  

+ − ∂ −

∑∫II

1
1 2 2

1 0 0 2 0 0

1
1 2

1 0 0 2 0 0

1
1 2

1
, 1

1) ( )
2

3 3
2 2

( )

1 3 3
2 2 2

( )d

1
2

j i j j j j i

i jx j x j ix i x

i j j i

i ix i x i ix i x

j j j j
n

i ix
i j

r q r

q q r r

q r

q q r r

q r x

q

θ θ θ

θ θ θ θ θ θ

θ θ

θ θ θ θ θ θ

θ θ

θ

−

−

−

=

 
− ∂ − ∧    

    
+ ∧ + − ∧ +        

∧∂ −

    
+ ∧ + − ∧ +        

∧∂ −

= ∧∑ 0 1 0 1 0

1
1 2

1
2 0 2 0 2 0 1 2

0 1 0 1 1 0 1 0

1
1 2

0 2 0 2

1 1
2 2

( )

1 1 1 ( )
2 2 2

1 3
2 2

( )

1
2

ix i i i x

j j j j

i ix ix i i i x j j j j

j ix j x i jx i j i x

i j j i

i jx i x j

q q

q r

r r r q r

q q q q

q r

r r

θ θ θ θ θ

θ θ

θ θ θ θ θ θ θ θ

θ θ θ θ θ θ θ θ

θ θ

θ θ θ θ

−

−

−

 
+ ∧ + ∧  

∧∂ −

 
− ∧ + ∧ + ∧ ∧∂ −  

 
+ − ∧ + ∧ + ∧ + ∧  

∧∂ −

+ ∧ − ∧ −

∫

2 0 2 0

1
1 2

1 0 1 2 2 0 1 2
, 1

1 0 1 2 2 0 1 2

1 2 0 1 2
, 1

3
2

( )d
1 1( ) ( )
2 2

( ) ( )d
1 ( ) ( )
2

(

ix j i j x

i j j i
n

i i j j j j i i j j j j
i j

j i i j j i i j i j j i
n

i i i i j j j j
i j

r r

q r x

q q r r q r

q q r r q r x

q r q r

q

θ θ θ θ

θ θ

θ θ θ θ θ θ θ θ

θ θ θ θ θ θ θ θ

θ θ θ θ θ

−

=

=

 
∧ − ∧  

∧∂ −

= − ∧ ∧ − + ∧ ∧ −

− ∧ ∧ − + ∧ ∧ −

= − − ∧ ∧ −

−

∑∫

∑∫

1 2 0 1 2) ( )d
0,

j i i j i j j ir q r xθ θ θ θ θ− ∧ ∧ −

= (34)

The remainder terms of (32) are calculated as follows:

 

1 1
1 1 2 1 2

, , 1

1 1
2 1 2 1 2

1
1 2

1 1
1 1 2 1 2

2

1( ) ( )
2

1( ) ( )
2

( )

1 1( ) ( )
2 2

n

i k j k k j j k k k k
i j k

j k k i i k i k k k k

i j j i

i k i k k i i k k k k

i k

q q r q q r

r q r r q r

q r

q q r q q r

r

θ θ θ θ θ

θ θ θ θ θ

θ θ

θ θ θ θ θ

θ

− −

=

− −

−

− −

  
= ∧ ∂ − + ∂ −   

 
+ ∧ ∂ − + ∂ −   

∧∂ −

  
+ ∧ ∂ − + ∂ −   

+ ∧

∑ ∫III

1 1
1 2 1 2

1
1 2

1 1
1 1 2 1 2

, , 1

1 1
2 1 2 1 2

1 1
1 1 1 2

, , 1

1( ) ( )
2

( )d

( ) ( )

( ) ( )d

k i i k i k k k k

j j j j

n

k i j k k j i j j i
i j k

k j k i i k i j j i

n

k i j k i j k
i j k

q r r q r

q r x

q q r q r

r q r q r x

q q q r

θ θ θ θ

θ θ

θ θ θ θ θ

θ θ θ θ θ

θ θ θ θ

− −

−

− −

=

− −

− −

=

 
∂ − + ∂ −   

∧∂ −

= ∧∂ − ∧∂ −

+ ∧∂ − ∧∂ −

= ∧∂ ∧∂ +

∑ ∫

∑ ∫ 1 1
2 2 d

0.

j i k j ir r xθ θ− −∧∂ ∧∂

=

 

(35)

Then (33), (34), and (35) yields

 Pr ( ) 0,V
θ

Θ =
J J  (36)

so the skew-symmetric operator J is Hamiltonian.
Next, we show the compatibility of the operators K 

and J, i.e. the equality (22). Notice that

 

0

2

1

2
.

xθ

θ θ

θ

 
 = − 
  

K

 

(37)

Using the equality (31), we obtain

 

1 0 2 0 2 1 1 2
1

0 2 1 1 2 0 0 0

1
1 2 2 1 1 2

, 1

1
1 2 2 1 1 2

0 1 2
1

Pr ( ) 2 ( )

1 ( ) 2 d
2

[ ( ) ] ( )

1 [ ( ) ] ( )d
2

2

n

i x i i ix i ix
i

x i i i i x x

n

i j j i i j j i
i j

i i i i j j j j

n

x i i
i

V

x

q r

q r x

θ
Θ θ θ θ θ θ θ θ θ

θ θ θ θ θ θ θ θ

θ θ θ θ θ θ

θ θ θ θ θ θ

θ θ θ

=

−

=

−

=

= − ∧ ∧ + ∧ − ∧ + ∧

+ ∧ ∧ − ∧ + ∧ ∧

+ ∧ − − ∧ ∧∂ −

+ ∧ − − ∧ ∧∂ −

= ∧ ∧ −

∑∫

∑∫

∑∫

K J

0 1 22 d

0.

x i i xθ θ θ∧ ∧

= (38)
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Equation (38) implies that the operators Q and P are 
compatible Hamiltonian operators and, therefore, the 
theorem is proved.
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