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Reciprocal Transformations of Two Camassa—Holm Type Equations*
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Abstract The relation between the Camassa—Holm equation and the Olver-Rosenau-Qiao equation is obtained, and
we connect a new Camassa—Holm type equation proposed by Qiao etc. with the first negative flow of the KdV hierarchy

by a reciprocal transformation.
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1 Introduction
The Camassa—Holm (CH) equation

ms +umg +2u,m=0, m=u—

Uz (1)

is derived by Camassa and Holm as a model for the propa-
gation of shallow water wave.[!l It is completely integrable
with a Lax pair and can be written as a bi-Hamiltonian
form!* =2 by rearranging the Hamiltonian operators of the
KdV equation,?!
3. 0Ho

my=—(0—0°)— S

with Hamiltonian functionals

1
H, = 5/(u2 +u?)dx,

—(md+0m) T (2)

1
H, 5 /(u3 +uu?)dz.

In fact the CH equation is linked to the first nega-
tive flow of the KdV hierarchy by a reciprocal type

transformation.*=5! Tt is solvable via inverse scattering
transformation,!®—% and a large number of works concern
about the solutions of it such as multi-soliton solution,
algebro-geometric solution.['9~12] Besides, nonlocal sym-
metries and a Darboux transformation of it are studied
in Ref. [13]. It is worthwhile to remark that, unlike the
KdV equation, the CH equation possesses peaked soliton
solutions which are weak solutions with discontinuous first
derivatives,[!=214=15] and the equation admitting peakon
solution is called CH type equation.
The Olver-Rosenau—-Qiao (ORQ) equation

e+ 2 =0 =0, n=1v— 4 (3)

is proposed by rearranging the Hamiltonian operators of

Camassa—Holm system, Reciprocal transformation, Bi-Hamiltonian structure

the mKdV equation,'® and can be written as

=0nd 'n 86Hl
5

0H>
3
=0-0)— 5n

n
where the Hamiltonian functionals are

;/(u +u)de,
1

24
Furthermore, the ORQ equation is integrable with a Lax

H,

H, (3ut — ul + 6uu?)dzx.

pair™ and may be derived from the two dimension Eu-
ler equations.['8] Tt is interesting that this equation has
a reciprocal link to the (modified) KdV hierarchy™® and
is also solvable by inverse scattering transformation.2"!
Formation of singularities and the existence of peaked
traveling-wave solutions, which have only constant am-
plitudes for the ORQ equation are discussed in Ref. [21].

Recently, a hybrid system that combines the CH and

the ORQ equations is proposed!??
my = ki[m(u? — u?)], + ka(2mug + meu)
m=1U— Upg , (5)

where ki, ko are arbitrary constants. The above equation
is a bi-Hamiltonian system using the Hamiltonian opera-
tors of the CH and the ORQ equations, i.e.,

(k16m6 'md + lcg(am+ma))‘i;f;1
SH
3 2
=052 (6)

where

H, = /(u2 +u?)dz,
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Hy = /(k1u4 + 2k - Sk + 2kou®

+ 2k2uui) dz.

Moreover, a Lax pair and infinite sequences of conserved
densities as well as the peaked soliton (peakon) and multi-
peakon solutions of the Eq. (5) are also studied.??

The aim of this paper is to give the detail relations be-
tween the CH equation, the ORQ equation and the first
negative flow of the KdV hierarchy, and to apply a recip-
rocal transformation to the hybrid system (5) as well.

2 The Relation between CH Equation and

ORQ Equation

It is well known that the CH equation is reciprocal
linked to the first negative flow of the KdV hierarchy(See
[5, 23] etc.), and the ORQ equation is also connected to
the first negative flow of the (modified) KdV hierarchy by
a reciprocal transformation.'® Then a nature idea arises
that what is the relation between the CH equation and the
ORQ equation? These may be illustrated by the following
graph

reciprocal

CH ——=KdV

7l Miural/

ORQ —— mKdV

reciproca

In this section, we will present the reciprocal transfor-
mations between the CH equation, the ORQ equation and
the first negative flow of the KdV hierarchy respectively,
and then we will construct the transformation between the
CH equation and the ORQ equation.

The Lax pair for the first negative flow of the KdV
hierarchy is

Pyy + Qp —Ap =0,
_i( _1 )_0
Pr I\ Poy 2py90 =Y,

and the compatibility condition of the Lax pair yields
Q-p=(8§+4Q+2Qy8y_1)py=O. (7)

Integrating the condition Q- p =0, we get

Q‘r:pya

1

where f is an arbitrary function of 7. For non-zero f,

scaling p as p — /2fp, we get

_ Py, Py 1
Q=—"F"+-—"5—"">3
2p  Ap* Ap
and therefore after a redefinition of the time 7, we may
regard the first negative flow of the KdV hierarchy (7) as

the following form

2
Pyy Dy 1
= Pw . 9
@ 2p  4p?  4p? 9)

QT = Dy,

Then, we will relate the flow (9) to the CH equation (1)
and the ORQ equation (3) by two different reciprocal
transformations. Because the two reciprocal transforma-
tions are the inverse of the transformations which trans-
form the CH equation (1) and the ORQ equation (3) to the
the first negative flow of KAV hierarchy (9) respectively,
here we only give the results.

On the one hand, set m = p?, u = p? +pyr —p~ 'pypr,
then we have a reciprocal transformation

de = —ptdy +udr, dt=dr. (10)

Under the new variables z, t, the first negative flow of the
KdV hierarchy (9) is transformed to the CH equation (1).

On the other hand, let n = —2p/(p, + 1), v=—2p +
(pypr + pr — PPy-)/P?, then we can define a reciprocal
transformation

2
de =—dy + (p2
n

_ Pybr +p72' _ppyT)dT,
p

(11)

Under the transformation (11), the first negative flow of
the KdV hierarchy (9) is transformed to the ORQ equa-
tion (3).

Then the relations between the three equations are
clear, and we have the following result.
Theorem 1 The Camassa—Holm equation is transformed
to the Olver—-Rosenau—Qiao equation by the transforma-

1

tion
1
x’:x—§lnm, t’:Zt, (12)
together with
4 3/2
n=s——, v=mmtutu).  (13)

Proof On the one hand, from the definitions (10)—(11),
we have

. 1
L
2m 2m 4
n _
de = 2m—1/2dx’+nm mydt’,  dt =4dt’. (14)

Then for any smooth function g(x,t,m,n), we have g,» =
(1/2)gzmnm =12 so direct calculation shows that

V— Uy = omt/?
Besides, from the definition of n, we get

1

n— §m7 nmy = 2m1/2,

therefore we have

n=2m"24m=?mu = (140,)2m"? = v—vy . (15)
One the other hand,
Am3/2

dn = ngdt + nyda’ =dn = d(i)
2m — my
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o1
— (3m n — —m 3/2n2(2mx - mxm)) dz
2m 4
(3mtn _ lm*3/2n2(2mt - mxt)) dt. (16)
2m 4

Substituting (14) into (16) we get

3nme 1 5,9 n
3nm, 1 _ _
ny = {W ik 3/2n2(2mw — mm)} nm =3 %m,
+e m=32n2(2my — ma), (18)
m

then solving my, from (17) and substituting it into (18),
we obtain

Ny = — Ny (4u + 4ux) — 2m71/2n2 (U + Uy — m)
= 4n1/m1/2(v — m1/2) — 2n2(1} - 2m1/2)

=— (n(v2 - vi,))x, .

Therefore the theorem is proven.

3 Reciprocal Transformation of the

System (5)

In this section, we will consider a reciprocal transfor-
mation for the system (5). We have known that the CH
equation and the ORQ equation are connected with the
first negative flow of the KdV hierarchy by two different
reciprocal transformations. Although the system (5) may
be considered as the linear combination of the two equa-
tions, the spectral problem of it is changed, and we need
a new reciprocal transformation.

Equation (5) has a Lax pair[??

1 -1 Am
%_§<_klxm—AkQ 1 )‘p’ (19)
A B
w=(o 2 (20)
where ¢ = (¢1,p2)T and
= —% - %kl(u2 —u?) - %kg(u —Uy),

B = %(u —ug) + %)\m[kl (u2 — ui) + koul ,

1 1
C = —X(k:l(u—i- Ug) + ko) — iA[kfm(zﬁ —u?)

+ kyka(mu + u® — u2) + k3u) .

Moreover, setting a = (1/2)vk1m? + kam, it is not hard
to find from above Lax pair that the system (5) has a
conservation law

ar = (a(ky (u? — u2) 4 kou))s

which defines a reciprocal transformation
dy = adz + a(ky (u? —u?) + kou))dt, d7r =4dt. (21)

Under the transformation (21), the Lax pair (19)—(20)
equals to the scalar form

1

1
—(20-1)—(20+1 = 22
k1m+k2( )~ (20 + g1 = pgr, (22)
2(u — uy
o1t = (kl (u? = u2) + kou — %)@11
1 u—wu, 1
(o= T gt 23

where p = —\2.
Under the transformation (21), the Lax pair (22)—(23)
is transformed to

1 402 2
<i3§+4a(£) &J_w)%
m/’y

kim+ ko \ m m2
= H¥L1, (24)
1 u—auy 1
4o, = (— -+ _k2auy) ¥1
1 pm 2
2a(u — au
_u%y, (25)

um
Then after the gauge transformation ¢1 = y/m/a ¢, the
Lax pair (24)—(25) is transformed to

¢yy+R¢_H¢:Ov
1 1
b = 5, (poy = 3P09)

where
u— au
_ Y
p=—a )
m
2 2 1
R— _3my, | Myly — My +amy,y i ay — 1 —2aay,
4m? 2ma 4a?

Direct calculation shows that R = —(py, /2p)+ (p;/4p*) —
(1/4p?), so the CH type system (5) is transformed to the
first negative flow for the KdV hierarchy

Pu Py L
2p  Ap* 4p*
In what follows we will discuss the reduction of the
transformation (21). We only consider the case of k; =0
and the case of k3 = 0 is similarly to which of k1 = 0. In
this case, the hybrid CH-ORQ equation is reduced to

R=p,, R=-— (26)

up = ko(Qugm 4+ umy), m=u— Uy,

and the reciprocal transformation is reduced to

dy = (%\/1@_@ dz + (%\/kg—mkgu) dt, dr=4dt.

Therefore the equation and the transformation equal to
which of the CH equation up a scaling for 7.123!
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