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Groups Analysis and Localized Solutions of the (241)-Dimensional Ito Equation *
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By means of the modified Clarkson and Kruskal (CK) direct method and the variable separation approach, we
investigate the (2+1)-dimensional Ito equation which was constructed by Ito in 1980. The full symmetry group
with the Kac—Moody—Virasoro algebra structure and the variable separation solutions are obtained. By selecting

appropriate arbitrary functions, some special soliton excitations are shown graphically. The results presented
here would be beneficial for understanding the (2+1)-dimensional Ito equation better.
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At present, there are many powerful and efficient
methods to investigate kinds of integrability, such as
the inverse scattering method,!') Darboux transfor-
mation (DT),P’! the Biicklund transformation method
(BT),l’l the Hirota bilinear method,[”) the tanh-
expansion method,!”! the Lie symmetry method, [’ the
algebra-geometrical approach,[” and the variable sep-
aration approach.[®/ Among these methods, the sym-
metry method and the variable separation approach
have been applied to solve a wide range of prob-
lems and to explore many physically interesting so-
lutions of nonlinear phenomena. By virtue of the
symmetry group, on the one hand, one can arrive at
new solutions from old ones; on the other hand, one
can construct a special type of exact solutions called
group invariant solutions which are invariant under
some transformations. For (2+1)-dimensional differ-
ential equations, the variable separation approach es-
tablished by Lou et all®! is another powerful method
to provide some exact physically significant coherent
solitons solutions, such as multiple solitoffs, dromions,
lumps, ring solitons, breathers and instantons.

In 1980, in view of keeping the N-soliton solution,
Itol’] generalized the bilinear KAV equation

Do(Dy+ DY) f - f=0
to a (2+1)-dimensional bilinear model

where p and v are arbitrary constants. By the trans-
formation v = 2(In f).,, one can rewrite Eq. (1) as

Upt + Uggzt + 3(2uzuy + wtiy)

+ 3Uzy / uedx’ + piys 4+ vuge =0, (2)

— 00
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which is called the (2+1)-dimensional Ito equation.
For yf = 0 and v = 0, Eq. (2) is reduced to the well-
known (1+41)-dimensional Ito equation.”~'*l Com-
pared with the (1+1)-dimensional Ito equation, slight
attention is paid to the (2+41)-dimensional Ito equa-
tion. Recently, Li et al.l'*) studied its soliton solutions,
doubly-periodic wave solutions and periodic solitary
wave solutions using the extended homoclinic test
technique and the bilinear method, Wazwaz!""! stud-
ied its soliton solutions using the tanh-coth method
and the Hirota bilinear method, and Zhao et al.l'"
used the extend three-wave method to construct its
multi-wave solutions. With the help of the Bell poly-
nomials method, the bilinear forms, bilinear Baklund
transformations and Lax pairs of Eq.(2) were reob-
tained by Wang,!'” respectively.

In this Letter, we focus on the full symmetry group
and localized solutions of the (2+1)-dimensional Ito
equation, which have not been revealed up to now.
For simplicity, introducing the potential transforma-
tion

U = Wy, (3)
Eq. (2) is converted into

Watt + Wrzzat + OWeaWat + 3WeWaat

+ 3wwmajwt + HWayt + VWgyt = 0. (4)

In Ref. [18], Clarkson and Kruskal (CK) introduced
a direct method to derive symmetry reductions of
a nonlinear system without using any group theory.
Then Lou et al.l'”) were inspired to modify the CK di-
rect method to find the full symmetry group for both
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integral and non-integral nonlinear DEs. Here we take
this modified CK direct method to investigate Eq. (4).

For Eq. (4), one can take the simplified symmetry
transformation ansatz as

w:a+ﬁW(§7n7T)7 (5)

where «, 8, £, 7 and 7 are functions of {x,y,t}. It is re-
quired that W = W (&, n, ) also satisfies Eq. (4) with
the new independent variables &, n and 7.

Substituting Eq.(5) into Eq.(4), eliminating
Weeeer and their higher-order derivatives, then set-
ting the coefficients of the polynomials of W and their
derivatives to be zero, by solving these equations we
can obtain

1 /moyyasQ 1

TS my, e

- 5V77§1/,3 — pnoy&oy)T + v,
B=dny’, €=y x+ o,
n:m,T:%+m, (6)

where §o = &o(y), m0 = mo(y), and ag = ag(y) are
arbitrary functions of y, and 7o = 7o (t — %) is an arbi-
trary function of (t— ;%) Here the constant § possesses
three discrete values determined by
1 1
6=1, -0 +iv3), — 5= iV3),  (7)
with i? = 1.
Here we give the following final transformation group
theorem of Eq. (4).
If W(x,y,t) is a solution to Eq.(4), then it is
w(x,y,t) with
]. /~”70yy$2 ]. 4/3

- 5
w 18 oy + 36 4/3 (VnOy I/77

wgn, ), (8

where &, 7, 7 are given by Eq. (6) and the discrete val-
ues of ¢ are given by Eq. (7).

Hence starting from the equation itself, one can
directly obtain the Lie symmetry group without the
prior Lie algebra. From the above symmetry group
theorem, one can also see that the full symmetry group
Grto of Eq. (4) is divided into three sectors which cor-
respond to

/3
— pnoy€oy)T + g + 5770y

1+iV3 1—iv3
o2 2
of the theorem respectively. That is, the full sym-
metry group Grio, expressed by the theorem for the
complex (2+1)-dimensional Ito equation is the prod-
uct of the usual Lie point symmetry group S (theorem
with 6=1) and the discrete group D,

g[to:D®8) D:{IaRlaR2}7 (9)

§=1,

where [ is the identity transformation, and

1+4v3
Ry : w(z,y,t) = — +2Z\[w
1+iV3  1+iV3
<_ Z,— yat>7
2 2
1—;
Ry : w(z,y,t) — — 2“/310

(- ),

Furthermore, via the full transformation group
Eq. (8), the Lie point symmetries and the related Lie
algebra can be recovered straightforwardly by a more
simple limiting procedure. In fact, if we set

ao =€g(y), no(y) =y + ek(y),

fO(y) zel(y), To=1— % + GS(t _ %)

with an infinitesimal parameter €, then the group
Eq. (8) can be written as

w=w + ec(W)
o(W) = (}kx + l)wx + kw, + (% + s)wt
— —ukaj - (é,ul — SVk)x —g+ %kw

That is, the Lie point symmetries of Eq. (4) have the
forms

o1(k) + Uz(l) + 03(9) + 04(s)

(xwz + —vx + w)

+ k’(wy + %wt) — Eukx }

+ (lww — ﬁﬂ) + (—g) + (swy). (10)

The nonzero commutators among o1(k), 02(1), o3(g)
and o4(s) are

(o1 (1), 01 (k2)] =01 (k1K — ki ks),
(02(02),02(02)] = 005l — 12))
[04(51), 04(82)] = 0a(s152 — S182),
[o1(k), o2(1)] =02 (ki — %M) + §yigz%,
91(k),5(9)] = ra (kg + 5.
Hence, when v = 0, {o1(k), o2(0), 3(g), 0a(s)} con-

stitutes an infinite-dimensional closed Kac—-Moody—
Virasoro type Lie algebra.

To seek exact solutions to Eq. (2) which may have
some arbitrary functions, we take the variable separa-
tion approach. According to the standard procedure
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of the ‘separation variable’, make the following Béck-
lund transformation

w = 2(Inf), + 1w, (11)

where f = f(z,y,t) is a function of the indicated vari-
ables and wy = wo(x,y) is a known seed solution to
the model Eq. (4). Substituting the BT Eq. (11) into
Eq. (4) leads to the bilinear form

[D? + DD + Dy Dy
+ (v + 3wp) DDy + Rlf - f =0, (12)

where h = h(y,t) is the integration function and the
bilinear differential operators D,, D,, and D; are de-
fined by

DIDIDEf - g = (s — L) (D — 0)" (9, — 9,)*
: f({ZZ, Y, t)g(xla y/a tl)|$’:x,y’:y,t’:tc

To find out some special solutions to Eq. (12), we
look for the solutions in the form of

f=aog+aip+aq+ aspg, (13)

with a; = a;(y)(i = 0,1,2,3), p = p(x,y) and
q = q(t,y) being functions of the indicated arguments.
Since p is t-independent and ¢ is z-independent, sub-
stituting Eq. (13) into Eq. (11) leads to

(aoaz — a1a2)(Pexs + 1Py + 3WorPe + VPs)
+ plarasy — aryas)p® + p(aoasy — agyaz)
+ wlaoasy + arazy — azaoy — azaiy)p

= (aoas — a1az)*(co + c1p + c2p°), (14)
Gy = (a%@ + a%co —agpaycy + GoFy)
— [(apas + araz)cr — 2agascs — 2a1asco + Golg
+ (agco — asascy + aies)q, (15)
h= —2(a§co — agascy + adea)q, (16)

where ¢g = ¢o(y),c1 = c1(y),c2 = ca(y) are all arbi-
trary functions of y, and Gy is an arbitrary constant.

On the one hand, due to Eq. (16), wo, can be de-
termined as

wo, =3 (agas — araz)p; ‘[(aoas — araz)?
- (co + e1p + c2p”) — (aoas — araz)
- (Praw + 1Py + vpa) + plazary — asyar)p®
+ plaryas — apasy — aiazy + aszaoy)p

+ M(Cbgaoy — agyao)]. (17)

On the other hand, we consider the solution to the
Riccati Eq. (17) in the form of

q = F1 exp(Got) + F3, (18)

where Fy = Fy(y) and F5 = F5(y) can both be treated
as arbitrary functions of y, while ¢g, ¢; and ¢ are re-
lated to F; and Fs by

1

“©= (agas — ara2)?Fy [=#(ao + azF2)asFry
+ pasFy Fyy — (ag + a2 Fy)as F1 Gy,
(19)
1
c1 = (@03 — maa)2F, [—u(aoas + aas
+ 2a2a3F>) Fiy + 2pasasFi Foy
— (apagz + aras + 2aza3F») F1Gy), (20)
“@= (a0a3 - 1l1a2)2Fl [_u(al * aBFZ)agFly
+ uagFley — (a1 + azF)asF1Gy). o)
21

Finally, substituting Eq. (15) into Egs. (13) and (3)
yields the solutions to Eq. (2),

2(a1 + azq)?p?
(ag + a1p + az2q + aspq)?

2
(al + a3‘])pxoc + wog, (22)
ao + a1p + azq + aspq

U=W; = —

where wy, and ¢ are determined by Egs. (19) and (20).

5
10
1575 =10 =% ‘;

Fig.1. Plots of different localized solutions expressed
by Egs. (22) and (23) at time ¢t = 0, (a) p = exp(z) +
exp (32 ); Fi = exp(—y)+35 exp ( 3v ); (b) p = exp(—a);
Fi = sech®(y); (c) p = cosh(z); F1 = cosh(y); (d) p = 25;
= ﬁ; (e) p = 2 + cosh(z); Fi = tanh(y), and (f)

p = exp(2z); F1 = sech?(y) + 2.

One can see that since solution (22) has six ar-
bitrary functions ag, a1, as, as, F; and Fy of y,
one arbitrary function p of {x,t} and one arbitrary
constant G, it gives quite abundant localized coher-
ent structures of the (2+1)-dimensional Ito equation.
To leave these interacted behaviors between solitary
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waves clear, some special localized excitations are il-
lustrated in the following figure by selecting appropri-
ate arbitrary functions. The parameters in the figure
are chosen as

a0:a3=F2:O, a1:a2:F3:1, ,u:2, v=1.

In summary, the symmetry study and the vari-
able separation approaches are two useful methods in
the study of nonlinear science, which are very valid
for offering group invariant solutions and localized
solutions. The Lie point symmetries of the (2+1)-
dimensional Ito equation are clear in this work, while
the nonlocal symmetries and corresponding nonlocal
solutions are still unknown. Moreover, how to select
appropriate arbitrary functions in variable separation
solutions for obtaining abundant soliton structures,
and more applications of localized solutions in physics
and nature, need further study.
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