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The nonlocal symmetry of the Drinfeld—Sokolov—Satsuma—Hirota system is obtained
from the known Lax pair, and infinitely many nonlocal symmetries are given
by introducing the internal parameters. Then the nonlocal symmetry is localized
to a prolonged system by introducing suitable auxiliary dependent variables. By
applying the classical Lie symmetry method to this prolonged system, two main
results are obtained: a new type of finite symmetry transformation is derived, which
can generate new solutions from old ones; some exact interaction solutions among
solitons and other complicated waves including periodic cnoidal wave and Painlevé
waves are derived through similarity reductions.
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1. Introduction

The Drinfeld-Sokolov—Satsuma-Hirota (DSSH) system of coupled nonlinear evolution equations

1
Uty = aua:a:m — 3uty + vy,

Vt = —VUgge + 3UU$, (1)

which was proposed, independently, by Drinfeld and Sokolov [1], and by Satsuma and Hirota [2]. In [1],
the system (1) was developed as one example of nonlinear equations possessing Lax pairs of a special
form. In [2], this system was found as a special case of the four-reduction of the KP hierarchy, and its
one-soliton solution was given. In [3], a recursion operator and a bi-Hamiltonian structure for system (1)

was obtained, which provided the system with an infinite algebra of generalized symmetries and an infinite

set of conservations. In [4], an explicit Béacklund transformation, which is in fact a superposition of two

simple Bécklund transformations shown in [5], was constructed to derive special solutions of this system by
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the truncated singular expansions method. In [6], the sine—cosine method and the tanh method were used to
obtain exact traveling wave solutions. In [7], a class of sixth-order nonlinear wave equations was discussed,
which contains the DSSH system (1) as a special case by the Painlevé analysis. In [8], the Cole-Hopf
transformation, the tanh—coth method, and the exp-function method were used to obtain multiple singular
soliton solutions and singular periodic solutions. In [9], this system was shown to be one of the three nontrivial
reductions from a generalized Hirota—Satsuma coupled KdV equation. In [10], a Darboux transformation
was constructed with the aid of gauge transformation between the Lax pairs and some soliton solutions,
periodic solutions, rational solutions were obtained. In [11], the truncated Painlevé expansion was developed
to construct Bécklund transformations, nonlocal symmetries and the soliton—cnoidal wave solutions were
explicitly obtained by the consistent Riccati expansion.

In this paper, we focus on the nonlocal symmetries [12-14] and similarity reductions of the DSSH system
(1). Compared with [11], infinitely many nonlocal symmetries, similarity reductions, and group invariant
solutions are obtained. The paper is organized as follows. In Section 2, the nonlocal symmetry of the DSSH
system is obtained from the Lax pair. Then the nonlocal symmetry is localized to Lie point symmetry by
prolonging the original system to a large system. In Section 3, the finite symmetry transformations and
similar reductions of the prolonged system are presented, and several new exact solutions of the original
system are derived. The last section contains a short summary and discussion.

2. Nonlocal symmetry and its localization

The Lax pair of the DSSH system (1) reads

1
o fu+Xw _ [ glte T2 —u+ 2\ 20

~ Uy
2
we can rewrite the Lax pair in the following form
1
Vigz = (/\ + U)¢1 +vihg, P = iumwl — VP2 + (—U + 2/\)'(/)1:8 + 209y, (2)
1
Yooz =1 — (A —u)h2, o = SUet¥2 + 210 — (u + 2X\)¥a2s, (3)

where {u, v} is a solution of system (1), {t1,2} is the spectral function and X is a spectral parameter.

Proposition 1. If 11,19 satisfy Lax pair (2)—(3) with A =0, then

g = (o_u’o_v) = (_2¢2¢2w7w1¢2x - ¢2¢1x), (4)
is a nonlocal symmetry of the DSSH system (1).

Remark 1. It is a fact that if 1,19 satisfy Lax pair (2)—(3) with the arbitrary spectral parameter A, o
given by (4) is still a symmetry of the DSSH system (1). This fact can be verified by direct calculation.

From the method used in Refs. [15] and [16], more symmetries were constructed by differentiating a known
one with respect to inner parameters. Then one has the following proposition.

Proposition 2. If a A-dependent function og(\) is a symmetry of the DSSH system (1) with A =

A1, A2, ..., Ay, then
d{n} dini}t  gin2} dinr}
On = 77100()\) = Py rye Ul - o0(N), (5)

is also a symmetry of the same DSSH system (1) for {n} = {ny,na,...,n.}.
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By Propositions 1 and 2, one can obtain infinitely many new nonlocal symmetries. For example, if we
take {11,192} and {11,12} are two solutions of Lax pair (2)—(3), then

a(A, A2) = (0%(A1, A2), 0" (A1, A2)), (6)
with
o"(A1s A2) = —2(A1tb2 + Aotha) (A1th2 + Aatha)a,
0" (A1, A2) = (A1 4+ A1) (A192 4+ Aoth2)e — (Mo + Aoth2) (M1 + Aot ),
and %U(Ah A2) are also symmetries of the same DSSH system (1).
By ihtronucing new dependent variables ¢1 = ¢1(x,t) and ¢g = ¢o(z,t) with
$1 = Y1z, P2 = Y2, (7)
the above symmetry (4) is converted into
o = =2tpaa, 0" =112 —P2g1. (8)

In order to compute local symmetries for the variables 11,13, ¢1, and ¢, we have to introduce another
potential variable p = p(z,t). The variable p makes the prolonged system closed completely, and satisfies
the compatibility conditions:

P = V3, pr=uhs — 205 + A1 9)
Then it can yield
1, 4 b 1,

where o%1,0%2, 0%, 6?2, and oP denote the symmetries of 11,12, @1, ¢2, and p, respectively.
Finally, the prolongation for nonlocal symmetry (4) is successfully localized with the vector form

1 1 1
oVl = —-pyy, o2 = —5PY2, 0% = —§(¢1¢§ +p¢1), 0¥ =

0 o 1 0 1 0
V= *2%%% + (1/)1¢2 - ¢2¢1)% - 5271/)1671/)1 - 5]7?/)2 61/12
1 5 0 1, 4 0 1,0
- 5(%% +p¢1)ﬂ - 5(1/)2 +P¢2)87§2 3P o (11)

Another meaningful point is that the introduced potential variable p just satisfies the Schwartz form
of (1)

2C; +20C, — 208, — 884 + Craw — Sawa = 0, (12)
2
where C' = 5—; and S = p;% — ?’2’;% are all invariant under the Mobious transformation with transformation
(15) '
a+bp
— d # be). 13
P> (ad # bc) (13)

Remark 2. The Schwartz form of a given differential equation is usually derived by utilizing singularity
analysis method. The above result is consistent with the Schwartz form [11] reduced by the truncated
Painlevé expansion.

3. Explicit solutions from nonlocal symmetry

After making the nonlocal symmetry (4) equivalent to Lie point symmetry (11), one can construct the
explicit solutions by Lie group theory in two aspects.



180 L. Huang, Y. Chen / Applied Mathematics Letters 64 (2017) 177-184

3.1. Finite symmetry transformation

According to Lie point symmetry (11), by solving the following initial value problem:

dizl(ee) = — 200, d%(e) V1o — a1, %6(6) _ _}]51/;17 %6(6) _ —%ﬁ&%
do 1 - - - d L i - ;
(26(6) N %(6) = 5+ pa), Zc?l(e) =57 (14)

w(0) =u, 9(0)=v, ¥1(0)=1v1, P2(0) =1z, ¢1(0) =1, ¢2(0) =2, p(0)=p,

where € is the group parameter, we arrive at the following symmetry group theorem:

Theorem 1. If {u,v, 1,2, 1, d2,p} is a solution of the prolonged system consisting of (1)—(3), (7), and
(9) with A = 0, then so is {u,v,1,a, d1,da, P} given by

4 2e24)5 2 — — 2
Gy X2de 2675 T (Y192 ¢2¢1)7 By = V1 ’
24+ep  (2+ep)? 2+4ep 2+e€p
- 2 - 2 2e 2 - 2 2e1)3 _ 2
Yo = 02 ;1= f_ w1w227 P2 = % v 5, D= P (15)
2+ ep 24+ep  (2+ep) 24ep  (2+¢€p) 2+ ep

Remark 3. For a given solution {u, v} of (1), the above finite symmetry transformation will denote another
solution {u,v}. It is necessary to point out that the last equation of (15) is nothing but the corresponding
Mébious transformation.

3.2. Similarity reductions of the prolonged system

In order to find similarity reductions of (1), we employ the Lie symmetry method to the whole prolonged
system. Supposing Eqgs. (1)—(3), (7), and (9) are invariant under the infinitesimal transformations

{$7t7UaUa¢1,¢2>¢17¢2ap} — {$+EX,t+6T,U+EU,U+€‘/,1[)1+E!p1,’¢12
+eWa, g1+ €1, 02 + €D, p + €P} (16)

with

Y= Xug +Tuy —U, 0" =Xvg+Tv, =V, 0¥ = Xthrp + Tthrs — V1, Y2 = Xipoy + Tt — Vo,
= X1z +Th1e — 91, 0% = Xoz +Thos — $2, oF = Xp, +Tps — P, (17)

where X, T,U,V, ¥y, Uy, &1, P5, and P are functions with respect to {x,t, u, v, 11,19, d1, d2,p}, and € is a
small parameter.

Then substituting (17) into the linearized symmetry equations of the prolonged system
+ 30" +3uoy — 30, =0, o) 00, —3ucy —30%v; =0,

u
Oy — 2 Ogax

o1 — g%y —uo¥t — gVhy —vo¥2 = 0, O'wQ — 0“1/)2 — UTyy — o¥1 =0,

TT

1 1

Pl — 50 wihy — 2 Uz0 oY1+ 0Us + 1,02 + 01y + uott — 201ha, — 20042 =0, (18)
1 1

0?2 — —0a)9 Uy V2 — 2091 + 0Mihoy +uct? =0, ot — 0% =0, V2 -0 =0,

2
—20%20hg = 0, of —20Y24hou — P30 — 40V1ehy — dp1o¥? + 402y = 0,
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so collecting coefficients of the variables and their partial derivatives, and setting all to zero, we obtain a
system of overdetermined linear equations of the infinitesimals {z, ¢, u, v, ¥1,¥2, 1, ¢2,p}. By solving them,
one can get

X=cix+cy, T=3c1t+c4, U= —203w2¢2 —2ciu, V= Cg(’(/)lqﬁg — wgqbl) —4cyv,
1 1 1

v = —§C3p¢1 +esr, Vo= —§C3PT/J2 + (2c1 +c5)pe, Py = —503(7#11#% +po1) + (c5 — c1) 1, (19)
1 1

Dy = —503(1#3 +pp2) + (1 +c5)p2, P= —§Csp2 + (5e1 + 2¢5)p + ¢,

where ¢;(i = 1...6) are six arbitrary constants. Especially, when ¢; = ¢co = ¢4 = ¢5 = ¢g = 0, the obtained
symmetry is just Eq. (11), and when ¢3 = ¢5 = ¢g = 0, the related symmetry is only the general Lie point
symmetry of (1).

To give more corresponding group invariant solutions, one need to solve the following characteristic

equations:
de _dt _du _dv _dvy _dvs oy déy _ dp
X T U Vv v v & d P

(20)

Next, several different similarity reductions arising from (20) are considered under the condition ¢ # 0 in
detail.

Reduction 1. ¢; # 0. Without loss of generality, we assume ¢y = ¢4 = ¢5 = 0 and redefine the parameter ¢

2
by ¢ = % (¢ #£0). By solving (20), we derive similarity solutions
1
U 2
u= (22) -G 5 €xXp (—P(z)) Wy (2)(12¢cy Py (z) tanh Ay + ¢3 W3 (2)sech® Ay),
t3 18¢2c2t5s 3
V(= c 4
SLACI B T (—P(z)) (1(2) Ba(2) — Wo(2) By (2)) tanh Ay,
t3 3ccqt3 3
v ) v 1
P = 1£z) exp (—P(2)> sechAy, 1o = 252) exp (—P(z)) sechAq, (21)
to 6 to 6
1 7
¢ = = exp (—P(z)) (6ccy D1 (2) — c3 Wy (2) P2(2) tanh Ay )sech Ay,
6ceqts 6
1 1
P2 = - exp <P(z)) (6ccy Ba(2) — c3 W3(2) tanh A;)sech Ay, p = 6—1(5 + 6ctanh Ay),
6ceit2 2 C3

with Ay = ¢(Int + P(z)), and the similarity variable z = z/V/t.
Here, U(z),V(2), ¥1(2), ¥a(2), P1(z), P2(2), P(z), and z in (21) represent eight group invariants and
substituting (21) into the prolonged system yields

U(z) = W;Q(S) — exp (—;P(z)) 28 - 9;302 exp (—ép(@) Wy(2) Wo, (2)

2 2
c5(1+12¢%) 4
Wex —5P(2) ) ¥y(2),

Wl

V(z) = exp (—iP@)) (%2(2;) B gvl(zw);iz)z(z)) _ 182?;02 exp(—P(2))(¥1(2) Yo (2)

— Wy,(2) ¥a(2)) + exp (—3P(z)> ( 5;252 + 81206%304 71(2) !PS(z)) ,

o) — o ep(PE)QL)
\/66163 exp (%P(z)) P.(z)

, Wa(z) = ;\/601(33 exp (;’P(z)> P.(z2), (22)
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503

1 1
P1(z) = exp (3P(z)) U1,(2) — 60,2 Uy (2)(W3(2)), P2(z) = exp (3P(z)) Vo, (2) — ——
where P,(z) = Pi(z) and Q(z) satisfy the ordinary differential equations

6P (2)P1..(2) — 9P (2) + 4P (2)z — 12Py(2) + 6Py (2)Q(2) — 12¢° P (2) = 0,
6PF(2)Qz22(2) — 18P1(2) P12 (2)Q=2(2) + 4P (2)Q=(2)z + 18P1(2)Q(2 )QZ(Z) + 9P, (2)Q:(2)
—18P1(2)Q.(2) — 12P1,(2)Q?(2) + 18P1.(2)Q(2) — 36c* P} (2)Q.(2) = 0. (23)

It appears naturally that when P;(z) and Q(z) are solved from Egs. (23), the explicit solutions of (1) would
be immediately obtained through Egs. (21) with Egs. (22) and (23).

Reduction 2. ¢; = 0. Without loss of generality, let ¢4 = 1 and redefine the parameter k by k? = 2 + %0306
(k # 0). By solving (20), we derive similarity solutions

w=U(z) - 2%472( )2(=) tanh Ay — 5 W (2)sech? 4y,

v=V(z)+ %3(%(2) By (2) — Wy(2) 1 (2)) tanh Ao,

¥1 = W (2)sech Ao, by = Wo(2)sech Ay, ¢ = (qﬁl( ) — %@1( 2)W2(2) tanh Az) sechdy,  (24)
Py = (452(z) 2k: ¥3(z) tanh Ay )sechAg, p= é(% + ktanh As),

with Ay = k(t + P(2)), and the similarity variable z = z — cat.
Substituting (24) into the prolonged system yields

- %223
_ Vea(2)  W(x) W ZZ( ) | ¥i(2)
O=Te T Be THe)
D1(2) = ¥1z(2), P2(2) = Waz(2),
= kQ(z) )= k+/2¢c3P,(2)
wl( ) 263PZ (Z) ) @2( ) cs ) (25)
Qz) = ;(1 — 2 Pi(2) + K*P}(2)) + ;];112(( )) — é 122(2),
where P,(z) = Pi(z) satisfy the ordinary differential equation

After summarizing the above formulas, the explicit solution of (1) would be immediately obtained. The
dynamic behaviors are illustrated in Fig. 1 by solving Eq. (26) with a special case. This kind of solution can
be easily applicable to the analysis of interesting physical phenomenon. In fact, there are full of the solitary
waves and the cnoidal periodic waves in the real physics world.

4. Summary and discussion

In summary, the nonlocal symmetry of the DSSH system is obtained from the Lax pair, and infinitely
many nonlocal symmetries are obtained by introducing the internal parameters. Then the nonlocal symmetry
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a b 31
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Fig. 1. The wave propagation plots of the DSSH system for solutions u and v with the solution of Eq. (26) are given as

Pi(z) = m and the parameters m = 1,n = 4, u0 = 1,41 = —3%,c2 = =2,k = 1. (a) and (d) The wave propagation

pattern of the wave along x axis at ¢ = 0; (b) and (e) The wave propagation pattern of the wave along ¢ axis at = 0; (¢) and (f)
The three-dimensional plot of the corresponding solution.

is successfully localized to a prolonged system and the Schwartz form of the DSSH system reduced by the
nonlocal symmetry from Lax pair is consistent with the truncated Painlevé expansion, which provides us a
way to obtain the Schwartz form of integrable models. Meanwhile, the nonlocal symmetry is just related to
the Mobious transformation of the Schwartz form. By using Lie point symmetry method, finite symmetry
transformations and similarity reductions of the prolonged system are considered, several exact interaction
solutions among solitons and other waves including periodic cnoidal waves, rational waves, and Painlevé
waves are presented. These kinds of solutions can be easily applied to the analysis of many interesting
physical phenomena, and this may provide us with a way to construct some new solutions for the integrable
models with the known Lax pair. The details deserve further exploration in the future.
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